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Abstract 
A recurrence relation is important topic of mathematics. Recurrence relations are used in  
mathematics as well as economics; physics and others subjects. Recurresive techniques are very 
useful for calculation. In this paper we present important theorem on relation between initial 
terms of sequence and roots polynomial. We discuss some example of that theorem. 
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Introduction 
In Number Theory there are many special types of Sequences Fibonacci Sequence and Luca 
Sequence both are special type of recurrence relation with given initial terms. Recurrence 
relation is very useful topic of mathematics. It is an equation that defines a sequence based on a 
method that gives  the next term as relation of  the previous terms [1, 2,  3]. Recurrence relation is  
very useful in mathematics as well as economics. We can calculate growth in economics by 
recurrence techniques. In recurrence relation for finding any term of sequence we need to find all 
previous terms of sequence but by using this theorem we can find direct any term of sequence. 
Recurrence relation is very useful in real life problems.   
 

Preliminaries 
M any papers have contributed to method of solving Recurrence relations such as [4, 5 and 6]. 
We classify recurrence relations the number of previous terms needed to find the new term. 
 

First Order Recurrence Relation 
In the first order recurrence relation only one initial term is given. For example  

 ܽ௡ାଵ=  ܽ௡ +  5,݊ ≥ 1, ܽ଴= 0  

we can find the terms  

 ܽଵ = 6, ܽଶ= 7,ܽଷ = 8 

Second Order Recurrence Relation 
 In the second order recurrence relation new term depend on two previous terms and two 

initial terms are given. 
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For example  

  ܽ௡ = ܽ௡ିଵ+ 2ܽ௡ ଶି,݊ ≥ 2 

with the initial terms ܽ଴ = 0,ܽଵ = 1 

Third Order Recurrence Relation  
In the 3rd order recurrence relation new term is depend on previous three terms. For 

example 
 ܽ௡ = ܽ௡ିଷ+ 2ܽ௡ ଶି+ ܽ௡ିଵ,݊ ≥ 3 

with the initials terms ܽ ଴ = 0,ܽଵ = 1,ܽଶ= 2. 

 

Main theorem of paper 

Theorem: - Let ܿ ଵ, ܿଶ ܽ ݊  ݀ܿଷ   are arbitrary real numbers and suppose the equation 

ଷݔ  − ܿଵݔ
ଶ− ܿଶݔ − ܿଷ = 0               (1) 

has  ݔଵ, > ଷ are distinct roots. Then the sequenceݔ ଶܽ݊݀ݔ ܽ௡ >  is a solution of the recurrence 
relation  

  ܽ௡ = ܿଵܽ௡ ଵି+ ܿଶܽ௡ିଶ+ ܿଷܽ௡ିଷ  ݊≥ 3                (2)
   iff  
 ܽ௡ = ଵݔଵߚ

௡ + ଶݔଶߚ
௡+ ଷݔଷߚ

௡  
for n= 0, 1, 2, ………………          where ߚଵ ଶߚ,   .ଷ are arbitrary constantsߚ ݀݊ܽ 
Proof: - First suppose that< ܽ௡ >  of type ܽ ௡ = ଵ௡ݔଵߚ ଶ௡ݔଶߚ+ + >  ଷ௡ we shall proveݔଷߚ ܽ௡ >  
is a solution of recurrence relation (2). Since ݔଵ, ଷݔ ଶܽ݊݀ݔ  are roots of equation (1) so all are 
satisfied equation (1) so we have 

ଵݔ  
ଷ = ܿଵݔଵ

ଶ+ ܿଶݔଵ+ ܿଷ 

ଶݔ 
ଷ = ܿଵݔଶ

ଶ+ ܿଶݔଶ+ ܿଷ  

ଷݔ 
ଷ = ܿଵݔଷ

ଶ+ ܿଶݔଷ+ ܿଷ  

Consider  ܿଵܽ ௡ିଵ+ ܿଶܽ௡ିଶ+ ܿଷܽ௡ିଷ=   ܿଵ(ߚଵݔଵ
௡ିଵ+ ଶݔଶߚ

௡ିଵ ଷݔଷߚ+
௡ିଵ) + ܿଶ(ߚଵݔଵ

௡ିଶ+
ଶݔଶߚ

௡ିଶ+ ଷݔଷߚ
௡ିଶ)+ ܿଷ(ߚଵݔଵ

௡ିଷ+ ଶݔଶߚ
௡ିଷ+ ଷݔଷߚ

௡ିଷ)  

+ଵଶݔଵ௡ିଷ(ܿଵݔଵߚ= ܿଶݔଵ + ܿଷ)+ ߚଶݔଶ௡ିଷ(ܿଵݔଶଶ + ܿଶݔଶ + ܿଷ)+ ߚଷݔଷ௡ିଷ(ܿଵݔଷଶ+ ܿଶݔଷ+ ܿଷ) 

ଵݔଵߚ=
௡ + ଶݔଶߚ

௡ + ଷݔଷߚ
௡ = ܽ௡ 

This implies   

ܿଵܽ௡ିଵ+ ܿଶܽ ௡ିଶ+ ܿଷܽ௡ିଷ= ܽ௡   
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So the sequence < ܽ௡ >  is a solution of the recurrence relation. 

Now we will prove the second part of theorem   

Let   ܽ௡ = ܿଵܽ௡ିଵ+ ܿଶܽ௡ ଶି+ ܿଷܽ௡ିଷ  ݊≥ 3   is a sequence with three ݅݊݅ܽ݅ݐ =଴ܽ  ݏ݉ݎ݁ݐ݈ 
ଵ,ܽଵܣ = ଶ,ܽଶܣ =   ଷܣ

Let ܽ௡ = ଵݔଵߚ
௡ + ଶݔଶߚ

௡ + ଷݔଷߚ
௡  

So         ߚଵ + ଶߚ + ଷߚ =  ଵ                 (3)ܣ 
+ଵݔଵߚ  ଶݔଶߚ + ଷݔଷߚ =                                 ଶ                (4)ܣ 
ଵݔଵߚ 

ଶ+ ଶݔଶߚ
ଶ + ଷݔଷߚ

ଶ =   ଷ               (5)ܣ 

The system of linear equations has a non-trivial solution iff  ቮ
1 1 1
ଵݔ ଶݔ ଷݔ
ଵଶݔ ଶଶݔ ଷଶݔ

ቮ ≠ 0 

We know that ቮ
1 1 1
ଵݔ ଶݔ ଷݔ
ଵݔ
ଶ ଶݔ

ଶ ଷݔ
ଶ
ቮ = ଵݔ) − ଶݔ)(ଶݔ − ଷݔ)(ଷݔ −  ଵ)            (6)ݔ

equation (6) is always non-zero as roots are distinct. So non- trivial values of ߚଵ, ଶߚ   ଷ canߚ ݀݊ܽ 
find and we can say that result is valid. 

Example 

Let < ܽ௡ >  be any sequence such that ܽ௡ = 6ܽ௡ ଵି− 11ܽ௡ିଶ+ 6ܽ௡ିଷ, ݊ ≥ 3 and ܽ଴ =
0,ܽଵ= 1,ܽଶ = 2. Then find ܽଵ଴ for above sequence.  

Solution: The polynomial of above sequence is  ݔଷ − +ଶݔ6 ݔ11 − 6 = 0. Solving this  
equation we have roots are 1, 2, and 3 using above theorem we have 

 ܽ௡ = +ଵ1ଶߚ +ଶ2ଶߚ  ଷ3ଶ                (7)ߚ

Using ܽ଴ = 0, ܽଵ = 1,ܽଶ = 2 in (7) we have   

ଵߚ  + ଶߚ + ଷߚ = 0                             (8)               

ଵߚ  + ଶߚ2 + ଷߚ3 = 1                                                  (9) 

ଵߚ  + ଶߚ4 + ଷߚ9 = 2              (10) 
Solving (8), (9) and (10) we have ߚଵ = −ଷ

ଶ
, ଶߚ = 2, ଷߚ =− ଵ

ଶ
 

this implies  ܽ௡ = −ଷ
ଶ

1௡ + 22௡− ଵ
ଶ

3௡ 
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now put n=10 we have ܽଵ଴= −27478 

 

Conclusion 

Recurrence relation is very useful topic of mathematics many problems of real life many be 
solved by recurrence relations but in recurrence relation there is a major diff iculty  in the 
recurrence relation if we want find 100th term of sequence then we need to find all previous 99 
terms of given sequence then we can get 100th term of sequence but above theorem is very useful 
if coefficients of recurrence relation of given sequence are satisfied the condition of the above 
theorem then we can apply above theorem and we can find direct any term of sequence without 
find all previous terms.   
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