Think India Journal
ISSN: 0971-1260Vol-22, Special Issue-19
International Conference on

X
[@]1 Multidisciplinary Research in Global Challenges and

; Perspectives of Sustainable Development
EDUINDEX on 21th December 2019 atSt. Jerome’s College, Anandhanadarkudy,
Nagercoil, Tamilnadu, India

Dynamical System Induced By Tensor Sum and Tensor Product Operator in
Measurable Function Spaces

G.S.VIGNESWARI' Dr. P. CHANDRA KALA* and Dr. V. ANUSUYA®
'Research Scholar (Full time) (18213152092033)
Department of mathematics
S.T. Hindu college, Nagercoil-629002, Tamil Nadu, India
Z" Assistant Professor and Head
Sree Devi Kumari Women's College, Kuzhithurai-629163
[Affiliated to Manonmaniam Sundaranar University,
Abishekapatti-Tirunelveli-627012, Tamil Nadu, India
¥ Assistant Professor
S.T. Hindu college, Nagercoil-629002, Tamil Nadu, India
mail.id: vigneshwari.gs.vg@gmail.com, ?"kala.mathchandra@gmail.com,
3*anusuyameenu@yahoo.com

Abstract

Let X be a Hausdroff topological space and let B(E) be the Banach algebra of all bounded linear
operators on a Banach space E. Let VV be a system of weights on X. In this paper we make a study
of dynamical system induced by tensor sum and tensor product operator, weighted tensor sum
and tensor product operator on weighted spaces of measurable functions like MV,(X) (or
MV, (X, E)) and MV, (X) (or MV, (X, E)) respectively.

Keywords : system of weights, measurable function, weighted tensor sum operators, weighted
tensor product operator, composition operators, dynamical systems, semi norm, operator valued
mapping.2000 AMs subject classification : 47 B 37, 47 B 38, 47 B 07, 47 D 03,30 H 05.

1 INTRODUCTION

LP spaces are some of the most important spaces studied in mathematics because of our abundant
usefulness and applications that run across all the branches of mathematics. This paper is
generalization of LP spaces. Multiplication, composition operator, tensor sum operator, tensor
product operator, weighted tensor sum and tensor product operators have been appearing in a
natural way on different spaces of continuous functions, analytic functions and cross sections.

For example [2,3,4,6,7] have shown that those operator on spaces of continuous and cross-
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section. R.K. Singh and Manhas studied dynamical system induced by multiplication and
composition operator on continuous and holomorphic function spaces[3,5,8,9,10]. We have
organized this paper into four section. In section 1, preliminaries. In section 2, we characterized
functions inducing tensor sum operator on weighted locally convex spaces of measurable
functions. In section 3, we obtained dynamical system induced by tensor sum operators on
weighted locally convex spaces of measurable functions. In section 4,dynamical system induced
by weighted tensor sum operators on weighted locally convex spaces of measurable functions.

In section 5, we characterized functions inducing tensor product operator on weighted locally
convex spaces of measurable functions. In section 6, we obtained dynamical system induced by
tensor product operators on weighted locally convex spaces of measurable functions. In the last
section, we wide up with ,dynamical system induced by weighted tensor product operators on

weighted locally convex spaces of measurable functions.

2. Tensor sum operator and dynamical system in measurable function spaces

2.1 Preliminaries

Let X be a Hausdorff topological space and M (X, E) be the space of all measurable function
from X into E and C(X, E) be the vector space of M(X, E) consisting of the continuous function
f from X into E. Let V be a set of non-negative upper- semi continuous family
{II.ll,q:v €V,q € cs(E)} of semi norms defines a Hausdorff locally convex topology on each
of these spaces. This topology will be dented by w, and the vector spaces MV, (X, E) and
MV, (X,E) endowed with w, are called the weighted locally convex space of vector-valued
continuous functions. It has a basis of closed absolutely convex neighborhoods of the origin of

the form,
By ={f®ge MV,(X,E) ®MV,(X,E): IIf ® gll,, <1}

Also, MV, (X, E) is a closed subspace of MV, (X, E).

Page |476 Copyright © 2019Authors



Think India Journal
ISSN: 0971-1260Vol-22, Special Issue-19
International Conference on

X
['\@]1 Multidisciplinary Research in Global Challenges and

; Perspectives of Sustainable Development
EDUINDEX on 21th December 2019 atSt. Jerome’s College, Anandhanadarkudy,
Nagercoil, Tamilnadu, India

Let G be a topological group with e as identity, let X be a topological space and X be a

topological space and r : G X X — X be the continuous map such that

a. m(ex)=xforeveryx € X.

b. mn(st,x) = n(s,n(t,x)) foreveryt,s € G, x € X. Then the triple (G, X, ) is called a
transformation group, X is a state space. If G = ( R,+) the corresponding transformation
group is called a dynamical system. The transformation group (R, X,m) is known as

continuous dynamical system.

If Xis a Banach space and n(t,ax + By) = an(t,x)+ pn(t,y) for t€ R, a,p € C,
x,y € X then (R*, X, ) is called a linear dynamical sysem on X. If V is a set of weights on X
suct that given any x € X, there is some v € V for which v(x) > 0. We write V > 0. A set V of
weights on X is said to be directed upward provided for every pair u; u, € V and a > 0 there
exists v € V such that au; < v (point wise on X) for i = 1,2. By a system of weights, we mean
a set VV of weights on X with additionally satisfies V > 0. Let c¢s(E) be the set f all continuous
function from X into E. If V is a system of weights on X, then the pair (X,E) is called the
weighted topological system. Associated with each weighted topological system (X,V), we

have the weighted spaces of continuous E-valued functions defined as

MVo(X,E)={f D g € M(X,E) ® M(X,E):vq(f @ g)vanishes at oo on X for each v
€ V,q € cs(E)}

MV,(X,E) ={f D g€ MIX,E) ® M(X,E):vq(f @® g) inLPforallv € V,q € cs(E)}

MV,(X,E)={f®ge M(X,E) D M(X,E):vq((f b g)(x)) is bounded in E for all v
€ V,q € cs(E)}
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Let ve V, q€ cs(E) and fD g € M(X,E) ® M(X,E). If we define ||f D gll,q =

1
(J,(wx)q(f & g)(x))Pdu)r for all x € X, then ||.|, can be regared as a semi norm on
either MVy(X,E) @ MVy(X,E),MV,(X,E) & MV, (X,E).

2.2.Functions inducing tensor sum operators on weighted spaces of

measurable functions.

Theorem:2.2.1. Let ¢ : X — X and m, : X — C be a measurable functions. Then (C, @
M. ) (f @ g) is a tensor sum operator for every t € R ,f @ g € MV,(X) & MV,(X) iff
V(C, ® M) <V.

Proof: First suppose V(C, @ M) <V. Then For all v € V, there exists u € V such that

v|C¢, @ Mm| < u (point wise on X). We show that C, & M,, is a continuous linear operator

on MV, (X) @ MVy(X). Clearly, C, © My, is linear on MV, (X) & MV, (X). In order to prove
the continuity of C, @ M, on MV,(X) @ MV,(X) it is enough to show that C, & M, is
continuous at origin. For this suppose f, @ g, be a net in MV,(X) @ MV,(X) such that
P,(f, D g,) = 0,foreveryv € V.

Now,

PU(C(p fo ®Mnr9:) = Pv(Ctp fo) @ P,(Mp g) forallt € R.

= B (fa © @) ® B, (mt(x)ga(x))

1 1
= (Jy()q(fa (e du)r @& (J, (v(x)q(e™@ g, ())))Pdu)?
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= ([, )q(f,))rdwyr & (f, (wx)qg(e™ ™ g, (x)))Pdu)r

= (J, w@q(£00rduyr & (f, (ut0q(ge () )P dp)?
ast -0

=R (fa ® 9go) 20

This proves the continuity of C, @ M, at origin and hence C, & M, is continuous on

MVy(X) & MVy(X).
Conversely, suppose C, @ M, is continuous linear operator on MV, (X) @ MV, (X).

We shall so thatV|C(p @ Mm| <V.Letve V.Since C, M, iscontinuous origin, there
existu € V suchthat C, & M, (B,) € B,. We claim that v|C¢, @ Mm| < 2u.Take x5 € X

and set u(xy) = €. Incase e > 0, N = {x € X:u(x) < 2¢&} is an pen neighborhood of x,. Then
there exists f @ g € MV, (X) @ MVy(X)suchthat0 < f P g<1l,and f P g(X —N) =0.

Let h = (2e)"1(f @ g). Then clearly h € B,,. Since (Cy ® My )(B,) S B, we
have (C, @ M, )h € B, and this yields that v (x)|(C, @ My, )(x)|l h(x)| <1, forall
x € X . From this it follows that v(x)|(C, @ M )(x)|l f D g (x)| <2¢,forallx € X .
Now suppose u( x,) = 0 and that v(x)|(C, © My )(xo)| > 0 If we put that
£ =v(x0)|(C, ® My )(x0)| itis not greater than two and set, N = {x € X:u(x) < &} then
N would be an open neighborhood of x, and we could again find f @ g € MV,(X) & MV, (X)
suchthat 0 < f @ g<1,and f B g(xy) =1and f @ g(X —N) = 0.Now let h =
e (f@®g). Thenclearly h € B, and (C, & M, )(h) € B, . Hence v()|( C, ®
Mrt)(x) hx<Iforall xeX.Thisimpliesthat zxv(Cp @ Mut )(x )
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| f D g(x)| <e, for all x € X. From this it follows that, v(x0)|(Cq, D My )(x0)| <

v(x0)|(Cp B Mue )(x0)]
2

complete.

which is impossible. This proves our claim and hence the proof is

Now we shall characterize tensor sum operators on MV, (X, E) @ MV, (X, E) induced by

scalar-valued and vector valued functions.

Theorem:2.2.2. Let ¢ : X — X and m, : X — C be a measurable functions. Then (C, @
M. ) (f @ g) is a tensor sum operator foreveryt € R,f @ g € MVy(X,E) & MV, (X,E) iff
V(C, ® My) <V.

Proof Similar to proof of theorem 2.1.

Theorem:2.2.3. Let E be a(locally multiplicative convex) Imc algebra with unit e and let ¢ :
X — Xand m, : X = C be abounded measurable function. Then (C, ® M, ) (f D g) is a
tensor sum operator on t € R ,f @ g € MVy(X,E) & MV,(X,E) iff V,(C, @ M) <
V forallp € P.

Proof:

Suppose V,(C, & My, ) <V, for all € P. Then for all v € V, there exists u € Vsuch that
v,(C, @ M) < u (point wise on X). We shall prove that the mapping ¢ : X — X gives
rise to a linear transformation C, from MV, (X, E) itself defined as C,f = ¢f for every f €
MV, (X, E), where the product ids pointwise continuous linear operator on MV, (X, E), we shall
establish the continuity of C, at the origin. For this, let {f, & g,} be a net in MV, (X,E) ©
MVy (X, E) suchthat forallv € V, p € P, that P, , (f, © go) = 0.

Then
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Pv,q (C(p fa @ Mntga) = Pv,q (C<p fa) @ Pv,q (Mntga) forallte R.

=PB,q(fa ©9(x)) @ P, 4 (mt(x)gq (%))
= (J, W) fo(@)))Pdu)r @ (J,(w(x)q(e™™ g, (x)))Pdu)r

= ([, g £ NPdu)yr & (f, (w)g(g. ()P du)r
as t—0
= Pu,q(fa) SY Pu,q(ga)

= Puq(fa © ga) = 0

This proves that (C, € M, ) is continuous origin and hence a continuous linear operator on

MV, (X,E) €& MV, (X,E).

Remark:2.2.4

Note that if ¢ : X — X and m, : X — C be a bounded measurable complex valued (or vector-

valued) functions on X then clearly (C, & M, ) (f. © g.) is a tensor sum operator on
MVy(X) & MVy(X) (or MVy(X,E) & MV, (X, E) for any system of weights V.

If X is a system of weights generated by the characteristic functions of compact sets, then it

turns out that every continuous map induces a tensor sum operators on MV,(X) &

MVy(X) (or MVy(X,E) & MV, (X, E) for any system of weights V.

Theorem:2.2.5. Let X be a completely Hausdorff space and let V = {1,,:1 > 0and K c

X, X is compact}.
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i) Every bounded ¢ : X — X and 7, : X = € on MV, (X) & MV, (X)
i) Every bounded ¢ : X — X and &, : X — E be a Imc with jointly continuous operator

induces a tensor sum operator on C,, @ M,, on MV, (X,E) & MV, (X, E).

Proof:

Similar proof of theorem:2.3.
Corollary:2.2.6

Let X have the discreate topology and V = {4,,: 4 > 0 and K c X, X is a finite set}. Then every

function ¢ : X — X and 7, : X — C induces a tensor sum operator (C, & M, )(f @D g) on

MV, (X) & MV, (X)(or MVy(X,E) & MV, (X, E).

3. Dynamical system induced by tensor sum operators on weighted

locally convex space of measurable functions

Theorem :3.1.Let U and V be an arbitrary system of weights on G and let ¢ : X — X and 7, :

X — € be a continuous function. Then C,f & M, g is a tensor sum operator for every ¢t € R

and f @ g € MV, (X) & MV, (X) iff V(C, ® My) < U.

Proof: To show that C,,f € M, gis a tensor sum operator. It is enough to prove C,f © Mg

is continuous at origin. Let v € V and B, be a neighborhood of the origin in € MV, (X) &

MV, (X). Then by the given condition, there exists u € U such that v|C¢ @ M,Tt| < u. Now we
claim that (C, @& M,.)(B,) € B,, where B, is neighborhood of the origin in MU,(X) &
MU, (X) (or MU, (X, E) & MU, (X,E)).

Let f @ g € B,. Then we have
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e, f @ Mgl = llc, f@]l @ IMeg@l
= ([, w@If 0 eNPdu)r @& ([, W)Imt(x)g(x) P du)r
= ([, (w@If (@ du)r @ (f, (wx)eltlihle|g(x) )P du)e

< ([,wIfhrduy & (f,u@)lgt)hrdu)r ast—0
<|If(x) @ gl
=I(f & g))I

This proves that (C, f & M,.g) € B, and hence C, © M, is a tensor sum operator.

Corollary:3.2. Every bounded measurable function ¢ : X — X and 7, : X — C induces a tensor
sum operator C,, @ M, on MV, (X) & MV, (X) (or MV, (X,E) & MV, (X, E)) for a system of
weights VV on X.

Proof:

C, f @ My g is bounded, there exists m > 0 such that ||(C, f © M. g)(x)|| <m for all x €
X. Let v € X. Then we have v(x)||C, f @ M. g| < mv(x) forall x € X.

Hence by the above theorem C, f@® M, g is a tensor sum operator on MV, (X) €
MV, (X) (or MV, (X,E) & MV, (X, E)).

Note:3.3. Let h € F,(R). define mr, : R = B(T) as m,(w) = et"™) for all t,w € R.

Theorem:3.4. Let h € F,(R). For each t € R and let V,: R x MV, (R, T) €& MV, (R, T) -

M(R,T) @ M(R,T) be the function defined by V,(t,f @ g) = C,c © M. (f D g) for all
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teRand fHge MV,(R,T) & MV,(R,T). Then V, is a dynamical system on MV, (R, T)
@ MV, (R, T).

Proof:

Since C,. @ M, is a tensor sum operator on MV,(R,T) & MV,(R,T) for all t € Rand
f®ge MV,(RT) & MV,(R,T). We can conclude that V,(t,f ® g) € MV, (R, T) &
MV, (R,T). Whenever t € Rand f @ g € MV,(R,T) & MV,(R,T). Thus V, is a function
from R x MV, (R,T) & MV,(R,T) > M(R,T) @ M(R,T). It can be easily seen that

Vi 0, f B g)=f@Dgand V,(t+s,fDg)=V,(t,V,(s, f D g). Inorder to show that V, is
a dynamical system on MV, (R,T) & MV,(R,T). It is enough to show that separately

continuous map. Let us first prove the continuity on V,, in the first argument. Let {t, — t}. Then
|t, —t| » 0 as n - oo, we shall show that V,(t,,f ® g) - V,(t, f D g) in MV, (R, T) &
MV, (R, T)

.Letv - V. Then

Pv(vh(tn'f @ g) - Vh(t'f @ g))v

= P((Cyt, & M, ) © 9)) = (Cp B Mr) (f D 9)))

= (f x@WG((Cyr, WIf (W) B My, (W)g(w)))PdH)%) -
(/o IF W) © My g7 i)

= (1 WA Cr, WIF ) = C W ) M, (w)g(w)))pdﬂ)i)

(OOt W) 09)) (M, (W) (W) ~ M W) g )P i)
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< (1, Wa(f (ot W) = F (oW (el W g g (w)))P )

+ (1, (o) el g(w) — el g ()] e

- 0as|t, —t| - 0.

Let f, D g, beanetin MV, (R, T) & MV, (R,T) suchthatf, @ g, - f D ginMV,(R,T) &

MV, (R, T). Then q(f, ® ge —f D g)» — 0 for all v eV. We shall show that V,(¢,f, ®
ga->Vit, fQgin MVORT & MVOR,T.

Pv(vh(tffa @ ga) - Vh(t'f 69 g))v

= P ((Cor ® M) (fi ® 92)W)) = ((Cpu ® My) (f ® 9)(W))).

=P ((qutfa @ Mntga)_(cqotf @ Mntg))v
< (J ONa(fe (ptw)) = () Itl=g(g, W) du)? )

+ (1, QU (Pt WM =g, (w) — el (w)])7duye

~0asfe®ge—fDg—0.

This proves the continuity of V, is a (linear) dynamical system on the weighted space MV, (R, T)
& MV, (R, T).

4. Dynamical system and weighted tensor sum operator

Theorem:4.1. Let E be a locally convex Hausdorff space such that each convergent net in E is
bounded. Let ¢: M(X,B(E)) and T € M(X,X). Then (C, © M, )(f @ g) is a weighted
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tensor sum operator on MV, (X,E) & MV, (X,E) iff for every v € V and p € cs(E), there

existsu € V and q € cs(E) such that v(x)P(px(w) < u( wt(x)q(x)vforallx € Xand w € E.

Remark:4.2. Let B(E) be the Banach algebra of all bunded linear operators on E. Then an
operator-valued map m, : X — B(E) defined by m,(x) = e**™® for all t € R and x € X, where

h € M(X,B(E)) and |||l = sup {l|h(x)|]: x € X}. Also ¢t: X — X is defined by ¢t(x) =t +
x the self-map. Then the weighted tensor sum operator induced by ¢t and m, on the spaces of
MV, (X, E) and MV, (X, E).

Theorem:4.3. Let V be an arbitrary system of weights on X. Let V:R x MV, (X,E) &

MV,(X,E) > M(X,E) @ M(X,E) be the function defined by V(t,f@®g)= (C, @
M, )(f Dg) forall teR and f D ge MV,(X,E) & MV,(X,E). Then V is a linear

dynamical system if for every v € V and p € cs(E), there exists u € V and q € cs(E) such that
v(X)P(p,, @ m)(x) < u(mt(x)q(x)vforallx e Xandw € E.

Proof:

Forevery t € Rand C, © M,, is a weighted tensor sum operator on MV, (X, E) & MV, (X, E).
Thus it follows that,

V(t,f ® g) € MV,(X,E) @& MV,(X,E) forallt e Rand f @ g € MV, (X,E) © MV, (X, E).
Clearly, ¥ is linear and V(0, f @ ) (x) = (C, @ Mu)((f @ 9)(x)) forall x € X.

=(Cp f D My g)(x)

= f(p(x)) @ e ™ g(x)

=(f@ 9

Therefore V(0,f @ g)(x) = f D g.
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AlsoV(t+s,f @D g) = V(t, V(s f D g)).

Next, to show that V is a linear dynamical system, it sufficient to show that V is jointly

continuous map[1]. Lett, —» tforall t € R. Thent, —t — 0 as n — co. The remaining proof is
similar to theorem:3.4.

5.Tensor product operator and dynamical system in measurable function

spaces

Let X be a Hausdorff topological space and M (X, E) be the space of all measurable function
from X into E and C(X, E) be the vector space of M(X, E) consisting of the continuous function
f from X into E. Let V be a set of non-negative upper- semi continuous family
{I[.ll,q:v €V,q € cs(E)} of semi norms defines a Hausdorff locally convex topology on each
of these spaces. This topology will be dented by w, and the vector spaces MV,(X,E) and
MV, (X,E) endowed with w, are called the weighted locally convex space of vector-valued
continuous functions. It has a basis of closed absolutely convex neighborhoods of the origin of

the form,
Bu,q = {f ®g € MVb(X,E) ® MVb(X,E) ”f ®g”v,q S 1}
Also, MV, (X, E) is a closed subspace of MV, (X, E).

If VV is a set of weights on X suct that given any x € X, there is some v € V for which v(x) > 0.
We write V > 0. A set VV of weights on X is said to be directed upward provided for every pair
u;u; € V and a > 0 there exists v € V such that au; < v (point wise on X) for i = 1,2. By a
system of weights, we mean a set V of weights on X with additionally satisfies V > 0. Let
cs(E) be the set f all continuous function from X into E. If V is a system of weights on X, then
the pair (X,E) is called the weighted topological system. Associated with each weighted
topological system (X,V), we have the weighted spaces of continuous E-valued functions

defined as
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MVy(X,E)={f®g € M(X,E) ® M(X,E):vq(f ® g)vanishes at c on X for each v
€ V,q € cs(E)}

MV,(X,E) ={f ®g € M(X,E) ® M(X,E):vq(f ® g) inLPforallv € V,q € cs(E)}

MV,(X,E)={f ®g € M(X,E) ® M(X,E):vq((f ® g)(x)) is bounded in E for all v
€ V,q € cs(E)}

Let ve V, g€ cs(E) and f @ g € M(X,E) @ M(X,E). If we define [[f ® gll,q =

1

([, q(f ® g)(x))Pdu)r for all x € X, then ||.|l, can be regared as a semi norm on
either MVy(X,E) @ MVy(X,E),MV,(X,E) ® MV, (X,E).

5.1.Functions inducing tensor product operators on weighted spaces of

measurable function

Theorem:5.1.1. Let ¢ : X — X and m, : X — C be a measurable functions. Then (C, ®
M., ) (f ® g) is a tensor product operator forevery t € R, f ® g € MVy,(X) & MV, (X) iff
V(Cp ® My) < V.

Proof: First suppose V(C, ® M) <V. Then For all v € V, there exists u € V such that

v|Cq, ® Mm| < u (point wise on X). We show that C, ® M,, is a continuous linear operator

on MV, (X) ® MV, (X). Clearly, C, ® M, is linear on MV, (X) ® MV, (X). In order to prove
the continuity of C, ® M, on MVy(X) ® MV,(X) it is enough to show that C, ® M, is
continuous at origin. For this suppose f, ® g, be a net in MV,(X) ® MV,(X) such that
P,(f, ® g,) = 0,foreveryv € V.
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Now,

P(Cy fo ® Mrega) = Po(Cy fu) ® Po(Myeg,) forall t € R.

=B (fa © 9 (%)) ® P, (1t (x)ga (%))
= ([, w)q( f (@N)Pdu)? & (J,(w(x)q(e"™® g, (x)))Pdu)?

= (J, (g £ NPy & (f, (400q(g.(0))yPdp)?
ast -0

=R (fa ®9a) 20

This proves the continuity of €, ® M, at origin and hence C, ® M, is continuous on

MVy(X) @ MVy(X).
Conversely, suppose C, & M, is continuous linear operator on MV, (X) & MV, (X).

We shall so thatV|C(p X Mm| <V.Letve V.Since C, ® M, iscontinuous orgin, there
existu € V suchthat C, ® M, (B,) € B,. We claim that v|C¢, X M,,t| < 2u.Take x5 € X

and set u(xy) = e.Incase e > 0, N = {x € X:u(x) < 2¢&} is an pen neighborhood of x,. Then
thereexists f @ g € MV (X) @ MVy(X)suchthat 0 < f @ g<1,and f ® g(X —N) =0.

Let h = (2e)"'(f ® g). Then clearly h € B,. Since (C, ® My )(B,) S B,, we
have (C, ® M, )h € B, and this yields that v (x)|(C, ® My, )(x)|l h(x)| <1, forall
x € X . From this it follows that v(x)|(C, ® M )(x)|l f ® g (x)| < 2¢,forallx € X .
Now suppose u( x,) = 0 and that v(x)|(C, ® My, )(xo)| > 0 If we put that
£ =v(x0)|(C, ® My )(xo)| its not greater than two and set, N = {x € X:u(x) < &} then
N would be an open neighbourhood of x, and we could again find f ® g € MV, (X) ® MV,(X)
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suchthat 0 < f® g <1l,and f ® g(xy) =1and f ® g(X —N) = 0.Now let h =
e (f®g). Thenclearly h € B, and (C, ® M, )(h) € B, . Hence v(x)|(C, ®
M )(x)|| h(x)| < 1forall x € X . This implies that v(x)|(C, ® My )(x)|

| f @ g(x)| <e, for all x€X. From this it follows that, v(x0)|(C¢, ® My )(x0)| <

v(x0)|(Cp ® Mnt )(x0)|
2

complete.

which is impossible. This proves our claim and hence the proof is

Now we shall characterize tensor product operators on MV, (X,E) @ MV, (X, E) induced

by scalar-valued and vector valued functions.

Theorem:5.1.2. Let ¢ : X — X and m, : X — € be a measurable functions. Then (C, ®
M. ) (f ® g) is a tensor product operator foreveryt € R,f ® g € MV,(X,E) & MV,(X,E)
iff V(C, ® My)<V.

Proof Similar to proof of theorem 2.1.

Theorem:5.1.3. Let E be a (locally multiplicative convex) Imc algebra with unit e and let ¢ :
X — Xandm : X — C be abounded measurable function. Then (C, ® M, ) (f ® g) is a
tensor product operatoron t € R,f ® g € MV,(X,E) & MV, (X, E) iff V,(C, @ M) <
V forallp € P.

Remark:5.1.4

Note that if ¢ : X — X and mr, : X — C be a bounded measurable complex valued (or vector-

valued) functions on X then clearly (C, ® M, ) (f. ® g,) is atensor product operator on

MVy(X) @ MVy(X) (or MVy(X,E) @ MV, (X, E) for any system of weights /.
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If X is a system of weights generated by the characteristic functions of compact sets, then it
turns out that every continuous map induces a tensor product operators on MV,(X) &
MVy(X) (or MVy(X,E) @ MV, (X, E) for any system of weights V.

Theorem:5.1.5. Let X be a completely Hausdorff space and let V = {1,4:1>0and K c

X, X is compact}.

i) Every bounded ¢ : X — X and 7, : X = C on MV,(X) @ MV,(X)
i) Every bounded ¢ : X — X and r; : X — E be a Imc with jointly continuous operator

induces a tensor product operator on C, @ M, on MV,(X,E) & MV, (X, E).
Proof:
Similar proof of theorem:2.3.
Corollary:5.1.6

Let X have the discreate topology and V = {4,,: 4 > 0 and K c X, X is a finite set}. Then every
function ¢ : X — X and 7, : X — C induces a tensor product operator (€, ® M, )(f ® g) on

MV, (X) @ MV,(X)(or MVy(X,E) @ MV, (X, E).

6.Dynamical system induced by tensor product operators on weighted locally

convex space of measurable functions

Theorem :6.1.Let U and V be an arbitrary system of weightson G and let ¢ : X — X and 7, :

X — C be a continuous function. Then C,,f ® M, g is a tensor product operator for every t € R

and f ® g € MVy(X) @ MVy(X) iff V(C, ® M) < U.

Proof: To show that C,f ® M, g is a tensor product operator. It is enough to prove C,f

&® M, g is continuous at origin. Let v € V and B, be a Neighborhood of the origin in €
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MV, (X) @ MV, (X). Then by the given condition, there exists u € U such that v|Cq, ® M| <
u. Now we claim that (C, ® M, )(B,) € B,, where B, is neighborhood of the origin in

MU, (X) @ MU,(X) (or MU, (X,E) @ MU, (X, E)).

Let f ® g € B,. Then we have

I, £ ® Muall = llc, F@|lIIMgGo

= ([,(v@If o pNPAp)r & (f, (W) Imt(x)g(x))Pdu)?
= ([, w@If (eCNDPdu)r @ (f, (w(x)e!tl=|gx))? du)r

1 1
< (J,uMIfhrduy & (J, u)lgt)hPdu)r ast—0
= IF®@ g
This proves that (C, f ® M, g) € B, and hence C, ® M,, is a tensor product operator.

Corollary:6.2. Every bounded measurable function ¢ : X — X and 7, : X — C induces a tensor

sum operator C, ® M, on MV, (X) & MV, (X) (or MV, (X,E) & MV, (X, E)) for a system of
weights VV on X.

Proof:

C, f ® My g is bounded, there exists m > 0 such that ||(C, f ® M. g)(x)|| <m for all x €
X. Letv € X. Then we have v(x)||C, f ® M. g| < mv(x) forall x € X.

Hence by the above theorem C, f ® M, g is a tensor product operator on MV, (X) &
MV, (X) (or MV, (X,E) @ MV, (X, E)).
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Note:6.3. Let h € F,(R). define mr, : R — B(T) as m,(w) = et"™) for all t,w € R.

Theorem:6.4. Let h € F,(R). For each t € R and let V,: R x MV, (R, T) & MV, (R,T) -
M(R,T) ® M(R,T) be the function defined by V,(t,f ® g) = C,r ® M, (f ® g) for all
teRand f Q@ g € MV,(R,T) @ MV,(R,T). Then V, is a dynamical system on MV, (R, T)
® MV, (R, T).

7. Dynamical system and weighted tensor product operator

Theorem:7.1. Let E be a locally convex Hausdorff space such that each convergent net in E is
bounded. Let ¢: M(X,B(E)) and T € M(X,X). Then (C, & M, )(f ® g) is a weighted
tensor product operator on MV, (X,E) & MV, (X,E) iff for every v € V and p € cs(E), there

existsu € V and q € cs(E) such that v(x)P(px(w) < u( wt(x)q(x)vforallx € Xand w € E.

Remark:7.2. Let B(E) be the Banach algebra of all bunded linear operators on E. Then an
operator-valued map , : X — B(E) defined by m,(x) = et*™® forall t € R and x € X, where

h e M(X,B(E)) and ||h|l., = sup {|{lh(x)|l:x € X}. Also ¢t: X — X is defined by ¢t(x) =t +
x the self-map. Then the weighted tensor product operator induced by ¢t and 7, on the spaces of
MV, (X, E) and MV, (X, E).

Theorem:7.3. Let V be an arbitrary system of weights on X. Let V:R X MV, (X,E) &
MV,(X,E) > M(X,E) ® M(X,E) be the function defined by V(t,f®g)= (C, ®
M )(f Qg) forall teR and fQ g € MV,(X,E) & MV,(X,E). Then V is a linear

dynamical system if for every v € V and p € cs(E), there exists u € V and q € cs(E) such that
v(xX)P(¢p,, Q m)(x) < u(mt(x)g(x)vforallx e Xandw € E.
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Proof:

For every t e R and C, ® M, is a weighted tensor product operator on MV, (X,E) &
MV, (X,E). Thus it follows that,

V(t,f @ g) € MV,(X,E) @ MV, (X,E) forallt e Rand f ® g € MV, (X,E) @ MV, (X, E).
Clearly, V is linear and V(0, f ® g)(x) = (C, ® My )((f ® g)(x)) forall x € X.

=(Cp [ My g)(x)

= flp(x) ® e™"Mg(x)

=(f® g9
Therefore V(0,f ® g)(x) = f ® g.

AlsoV(t+s,f® g) = Vi, V(s f R g)).

Next, to show that V is a linear dynamical system, it sufficient to show that V is jointly

continuous map[1]. Lett, —» tforall t € R. Thent, —t — 0 as n — co. The remaining proof is

similar to theorem:3.4.
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