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ABSTRACT: The present paper considers a network queue model in which a common
channel is centrally linked in series with each of two channels such that one consists of two
parallel sub-channels and other consists of three parallel sub channels. The steady state
analysis of queue model has been investigated under the poison- stream. The generating
function technique and laws of calculus has been used to find various queue characteristics

like mean queue size, variance of queue length etc.
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INTRODUCTION: Queuingtheory is the mathematical study of waiting lines or queues. In
queuing theory the term customers is used, whether referring to people or things, in
correlating such variables as how customers arrive, how service meets their requirements,
average service time and idle time etc. Whenever customers arrive at a service facility, some
of them have to wait before they receive the desired service. It means that the customer has to
wait for his/her turn, may be in a line. Customers arrive at a service facility with several
queues, each with one server Queuing theory is mainly seen as a branch of applied
probability theory. Its gpplications are in different fields, e.g. communication networks,
computer systems etc. For this area there exists a huge body of publications.

Queuing theory has its beginning in the research work of a Danish engineer Erlang, A. K.,

when Erlang applied this theory extensively to study the behavior of telephone networks.
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Jackson [1954]studied the behaviour of a queuing system containing phase type service.
O’Brien[1954] studied the transient solution of a queue model comprising of two queues in
series in which the service parameter depends upon their queue lengths. Stephan[1958]
discussed two queues under pre-emptive priority with poisson arrivals and service rate.
Maggu[1970] introduced the concept of bitendom in theory of queues which corresponds
to a practical situation arises in production concern. Later on this idea was developed by
various authors with different modifications in assumptions. Matoori Towfigh and Singh
T.P[1989] study a network queue model consisting two bi serial channels linked with a
common server. Singh T.P. [1994] studied the Transient analysis of feedback queue model

under service parameter constraint.

Recently,Singh T.P and Kumar Vinod et.al [2005]studied the transient behaviour of a
queuing network with parallel bi serial queues. Further Singh T.P et al [2006] studied steady
state behaviour of a queue model comprised of two subsystems with biserial channels linked
with a common channel. Later on Gupta Deepak, Singh T.P et al [2007] studied a network
queue model comprised of biserial channel linked with a common server. Singh T.P, Kusum,
Deepak Gupta[2010] introduced the Feed back Queue Model Assumed Service Rate
Proportional to Queue Number. Gupta Deepak, Naveen Gulati [2011]studied the steady state
behaviour of a network queue model with biserial and parallel channels linked wiyh a
common server. Meena Gupta, Deepak Gupta [2012] studied the concept of steady state
solutions of multiple parallel channels in series and non-serial multiple parallel channels both

in balking and reneging.

PRACTICAL SITUATION: Many practical situation of the model arise in industries,
banking systems, railway, supermarkets, hospitals etc. For example: In a hospital, suppose
that there are three sections. First is slip cutting counter and also there are two sub-sections in
this section. One is for males and is second for females. Second section is the waiting section.
This section is common for both males and females. In this section the patient wait for their
turn. Third section is of doctors cabins. There are three sub-sections in this section. One is of
dentist, second is of skin specialists and third is of eye specialists. Now the patients who want
to consult dentist will go to the dentist and leaves the system. Similarly, the skin patients will
go to the skin specialists and leaves the system and the eye patients will go to the eyes

specialists and leaves the system.
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THE PROBLEM: The entire queue model is comprised of three service channels S;,S,and
S3. Where subsystem S, consists of two parallel service channels s;; and s;, and S5 contains
three parallel channels s;;, s3, and s35.5;and S5 are linked with a common server S, in
between both. The service time at S;; are distributed exponentially. For convenience, we
assume the service rate uy, iy, U3, fq, Ps, Ho-TOT ;5 at S;; respectively. The customers initially

join S;; under poisson assumptions and the mean rate 44,4, respectively. Queues are formed

in the front of the service channels S;,and S, if they are busy. Customers coming at the rate
A, at S;; will go to the network of servers S;; — S,. Further customers coming at the rate 4,
at S;, will go to the network of servers S;, — S,. After that the customer will go from the
server S, either to the sub-server S5, with the probability p,, or to the sub-server S5, with the

probability p 55 or tothe sub-server S;5 with the probability p 54 such that ps,+p;s+ps6 = 1.

MATHEMAT ICAL ANALYSIS: Define B, . n.n,n n, the probability ,there are n; units
wating in the queue Q, in front of S;; , n, units waiting in the queue @, in front of S;, ,n5
units waiting in the queue Q5 in front of S,,and n, units wating in the queue Q, in front of
S31 , mg units waiting in the queue Qg in front of Ss,, ng units waiting in the queue Qg in
front of S35. In each case the waiting includes a unit in service ,if any (ny,n,,n3, 1y, ng,ng >
0)

S1 S3
A Ha
. H1 h
Sy
H3 357 Us
36

Z8! > U

He

Differential difference equation in transient form:
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Py nymamansn== (A + A5 +pq +pp +ps + pg+ pg + pe)

Pnl,nz,ng,n4,n5,n6(t)+ A Pnl_l,nz,ng,n4,n5n6(t)+ AZPnl,nz_ln3n4,n5,n6(t)+ﬂ1(n1+1)
Pn1+1,n2‘n3_1‘n4n5n6 t+ Mz(n2+1)Pn1,n2+1n3_1yn4n5,n6 ®

+ .u3(n3+1)Pnl,n2n3+1yn4_1n51n6(t)p34+ﬂ3(n3+1)Pn1,n2n3+11n4n5_1,n6 (Opsstus(ns+l)
Pnl,n2n3+1’n4n5n6_1 (Opset ﬂ4(n4+1)Pn1,n2n3n4+1n5'n6 (t)+ .u5(”5"'1)P111,nzn3n4ns+1,n6 )+ ug(net

1)Pn1,n2n3n4n5n6+1 (t)
Equation in steady state form:

(A + Ay + g+ py+ g+ + s+ Ug)

Pnl,nz,n3,n4,n5,n6: /11 Pnl_l ,nz,n3,n4,n5,n6+ /12Pn1,n2_1 ,n3,n4,n5,n6+ﬂ 1Pn1+1 MM -1 ,n4,n5,n6+
sznl,n2+1,n3_1 ,n4,n5,n6+ H3Pn1,n2n3+1 ,n4_1,n5,n6p 34+ﬂ3Pn1,n2,n3+1,n4,n5_1,n6p35 +

+ + +
ﬂBPnl,nZ,n3+1,n4,n5,n6_1p36 :u4Pn1,n2,n3,n4+1,n5yn6 ”Spnl,nz,n3,n4,n +1,M6 ﬂGPnl,nz,n3,n4,n5,n6+1

5
(nq, 15, m3,ny, N5 06 > 0) 1)

(A + Ay + py+ pg + py + s + Ug) Fo nymanansng
= ,F n,-1 ,n3,n4,n5,n6+ﬂ1P1,n2'n3_1,n4,n5,n6+ MZPO,n2+1,n3_1,n4,n5'n6+ Ushy ,n2n3+1,n4_1,n5,n6p 347t

+ + +
:uBPO,nz,n3+1,n4,n5_1,n6p35 .u3PO,nz,n3+1,n4,n5,n6_1p36 M4P0,n2,n3,n4+1,n5,n6 :uSPO,112,113,114,ns+1,n6

+ .UGPO,nZ,n3,n4,n5,n6+1 (nl = O,nz,ng, n4_, nS! n6 = 0) (2)

(A + Ay + pg + pug+ py +ps + ) Pr omangnsng
=4 Pn1_1,0,n3,n4,n5,n6+ﬂ1Pn1+1,0,n3_1,n4,n5,n6+ .uzpnl,l,n3_1,n4,n5,n6+ Il3pn1,0,n3+1,n4_1,n5,n6p34+

ﬂBPnl,O,n3+1,n4,n _1,n6p35+.u3Pn1,0,n3+1,n4,n5,n6_1p36+ :u4Pn10,n3,n4+1,n5yn6+ MSPnl,O,n3,n4,n5+1,n6+

5

lfl6pn1,0,n3,n4,n5,n6+1 (nZ = 0, nla n‘3’n41 Tl5, n6 = 0) (3)

(A + Ay + g+ py+ py + s + i)

Pnl,nZO,n4,n5,n6: 21 Pnl_l,nz,o,n4,nsyn6+ /12Pn1,n2_1,0,n4,n5,n6+ :U3Pn1,n2,1,n4_1,ns’n6p34+
#3Pn1,n2,1,n4,n5_1,n6P35+#3Pn1,n2,1,n4,n5,n6_1p36+ #4Pn1,n2,o,n4+1,n5,n6+ Hspnl,nz,o,n4,n5+1,n6+

H6Pn1,n2,0,n4,n5,n6+1 4)
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(A + Ay + py + pp+ pg + ps + )
Pnl,nz,n3,0,n5,n6= /11 Pnl_l,nz,n3,0,n5,n6+ /12Pn1,n2_1n3,0,n5,n6 +.U1Pn1+1,nzyn3_1‘0,n5,n6+
HZPnl,n2+1,n3_1,0,n5'n6+H3Pn1,n2,n3+1,0,n5_1,n6p35+#3Pn1,n2,n3+1,O,ns,n6_1p36+ HaPn,n,na1nsng

+ #Spnl,nz,ng,o,n5+1,n6+ Mépnl,nz,ng,o,ns,néﬂ

()

(A + A+ pg + pp+ pig + gy + )
Pnl,nz,n3,n4,0,n6 /11 Pnl_l,nz,n3,n4,0,n6 /12Pn1,n2_1,n3,n4,0,n6 .ulpnlﬂ,712’713_1,n4,0,n6
lu'ZPTll,Tl2+1,Tl3—1,TL4,0,Tl6+ Au3Pnl,n2n3+1,n4_1,0,n6p34+H3Pn1,n2,n3+1,n4,0,n6_1p36+

nu"l-PTll,le,Tl3,Tl4+1,0,n6+ nu'5Pn1,n2,n3,n4,,1,Tl6+ M6Pn11n21n31n4.101n6+1 (6)

(A + Ay + pg+ pp + Uy + gy + Ui5)
Pnl,nz,n3,n4,n5,0: /11 Pnl_l,nz,n3,n4,n5,0+ Azpnl,nz_l,n3,n4,n5,0+.ulpn1+1,nzyn3_1,n4,n5,0+
lflzpnl,n2+1,n3_1,n4,n5,0+ NBPnl,n2n3+1,n4_1,n5,0 p34+ﬂ3pn1,n2,n3+1,n4,n5_1,0 P3st

H4Pn1,n2,n3,n4+1,n5,0+ nuspnl,nz,n3,n4,n5+1,0+ H6Pn1,n2,n3,n4,n5,1 (7)

(A + Ay + puz+ py +us + ) Po .0, m4msn
= #1P1,0,n3_1n4,n5n6+ MZPO,l,ns_l n4,n5_n6+ :uSPO 0741 n4_1,n5,n6p34—+#3P0,0,n3+1,n4,n5_1,n6p35+
M3PO,0,n3+1,n4,n5,n6_1p36+ nu4PO ,0,n3,n4+1,n5,n6+ HSPO,O,n3,n4,n5+1,n6+ H6P0,O,n3,n4,n5,n6+1

(ny,n, =0,n3,n,n5ns > 0) (8)

(A + Ay + py+ py + ps + lhg) Po 1,015 g
=5 n-1,0mnsngt B3P0 ny1m _ingngP 34+”3PO,nz,l,n4,n5_1,n6p35+ﬂ3po nalngnsn 1P36"
M4P0,n2,0,n4+1n51n6+ ﬂSPO,nZ,O,n4,n5+1,n6+ M6P0,n2,0,n4,n5,n6+1 (nl N3 =

0,ny ny,n5,ng >0)  (9)

(A + Ay + py+ pg + ps + 1hg) Po nyms0memg
= + + + +

AZPO Mn,-1 N30,ng5ng Hlpl,1121113_1,0,n5,n6 MZPO,n2+1,n3_1,0,n51n6 uBPO,nz,n3+1,0,n5_1,n6p35
”BPO,nz,n3+1,0,n5,n6_1p36+ nu4P0 ,nz,n3,1,n5,n6+ MSPO,nZ,nS,O,n5+1,n6+ ”6P0,n2,n3,0,n5,n6+1

(nyny = 0,1y, n3,,ns, ng > 0) (10)
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(A + Ay + pp+ pug +py + ) Po n,mam,ome
= Azpo,n2_1,n3,n4,o,nG"'l‘1P1,n2,n3_1,n4,0,n6+ #zpo,n2+1,n3_1,n4,0,n6+ nu3PO,n2n3+1,n4_1,0,n6p34++

tuSPO,nz,n3+1,n4,0,n6_1p36+ nu4P0 ,nz,ng,n4+1,0,n6+ /"SPO,nz,ng,n4,1,n6+ #6P0,n2,n3,n4,0,n6+1

(ny,n5 = 0,ny,n3,ny, 1 > 0) (11)

(A + Ay + pp+ puz +py +ug) Po n,namans0
= AZPO Mn,-1 ,n3,n4,n5,0+:u1P1,n2,n3_1,n4,n5,0+ #ZPO,n2+1,n3_1,n4,n5,0+ #3P0,n2n3+1,n4_1,n5,0 P34+

ﬂ3PO,n2,n3+1,n4,n5_1 0 P35t M4P0,n2,n3,n4+1,n5,0+ 1sFo ,nz,n3,n4,n5+1,0+ :u6P0,n2,n3,n4,n5,0

(ny,ng = 0,n,,n45,n4,ng > 0) (12)

(A + Ay + pg + py+ ps + ) Py 0,0m,nsn,
=4 P _100m,menet :u3Pn1,O,1,n4_1n5vn6p34+:u3pn1,0,1,n4,n5_1,n6p35+H3Pn1,0,1,n4n5,n6_1p36+

.U4Pn10,0,n4+1,n5,n6+ ﬂspnl,O,O,n4,n +1,n6+ MGPnl,O,O,n4,n5,n6+1

5
(nz n3 = 0,ny,ny,n5,n6>0)  (13)

(A + Ay + pg+ s+ ps + pg) Py 0m50,n5m6
=4 Pnl_l,0,n3,0,n5,n6+:ulpn1+1,O,n3_1,0,n5,n6+ .uzpnl,l,ns_l,o,nS,%+ﬂ3pn1,0,n3+1,0,n5_1,n6p35+
”BPnl,0,n3+1,0,n5,n6_1p36+ H4Pn10,n3,1,n5’n6+ “SPnI,O,n3,O,n5+1,n6+ “6Pn1,0,n3,0,n5,n6+1

(ny, ny = 0,ny,n3,n5,n6 > 0) (14)

(A + Ay + pg+ pug+ py + ) Py 0mam,0ng
=4 Pn1_1,0,n3,n4,0,n6+:ulpn1+1,O,n3_1,n4,0,n6+ ﬂzpnl,l,n3_1,n4,0,n6+ .u3pn1,0,n3+1,n4_1,0,n6p34+
:u3Pn1,0,n3+1,n4,0,n6_1p36+ H4Pn10,n3,n4+1,0,n6+ HSPnl,O,n3,n4,1,n6+ ”6Pn1,0,n3,n4,0,n6+1

(ny ns = 0,ny,n3,ny,ng > 0) (15)

(A + Ay + pg + pug+ py + ug) Pnl,O,n3,n4,n5,O
=4 Pn1_1,0,n3,n4,n5,0+U1Pn1+1,O,n3_1,n4,n5,0+ Hzpnl,l,ng_l,n4,n5,0+ .u3Pn1,0,n3+1,n4_1,n5,0p34+

!13Pn1,0,n3+1,n4,n5_1,0P35++ #4Pn10,n3,n4+1,n5,0+ P‘spnl,o,n3,n4,n5+1,o+ BePn, 0man,ng1

(ny, ng = 0,n4,n3,ny, N5 > 0) (16)

(A + Ay + pg + pip + s + )

Pnl,nZO,O,ns,n(,: A Pnl_l,nz,O,O,nsln6+ Azpnl,nz_l,O,O,ns,n6++ﬂ3Pn1,n2,1,0,ns_1,n6p35+
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M3Pn1,n2,1,0,n51n6_1p36+ H4Pn1,n2,0,1,n5‘n6+ :uSPnl,nz,O,O,nSH_na-'_ :u6Pnl,n2,0,O,n5,n6+1 (n3'n4 =

0,n4,ny,ng,ng > 0) a7

(A + Ay + pg+ pp+ g + )
Py n0m,0ms= M1 Pnl_l,nz,o,n4,0,n6+ AZPnl,nz_l,O,n40,n6+ :u3Pnl,n2,1,n4_1,0,n6p34++

#3Pn1,n2,1,n4,0,n6_1p36+ M4Pn1,n2,0,n4+1,0,n6+ #SPnl,nz,O,n4,1,n6+ M6Pn1,nz,0,n4,0,n6+1

(18)

(A + A+ pg + py+ py + )

Pnl,nzo,n4,n5,0= /11 Pnl_l,nz,o,n4,nsyo+ /12Pn1,n2_1,0,n4,n5,0+ .‘13Pn1,n2,1,n4_1,n5'0 p34+

#3Pn1,n2,1,n4,n5_1,op35+ #4Pn1,n2,o,n4+1,n5,o+ #spnl,nz,o,n4,n5+1,o+ K6l n,0m,ms1

(19)

(A + Ay + pg + pip + s + )
Pnl,nz,n3,0,0,n6: Al Pnl_l,nz,n3,0,0,n6+ Azpnl,n2_1n3,0,0,n6+:u1Pn1+1,n2’n3_1yo,0,n6+
Hanl,n2+1,n3_1,0,0,n6+#3Pn1,n2,n3+1,0,0,n6_1p36+ HaPn, n,na1.0met B5Pryn,na01n,t

H6Pn1,n2,n3,0,0,n6+1 (20)

(A + Ay + py+ pp + s + )

Pnl,nz,n3,0,n5,0: /11 Pnl_l,nz,n3,0,n5,0+ /12Pn1,n2_1n3,0,n5,0+,u1Pn1+1,n2vn3_1 0,n5,0+
/’lzpnl,n2+1,n3_1,O,n5'0+nu3pn1,n2,n3+1,0,n5_1,0p35++ :u4Pn1,n2,n3,1,n510+ MSPnl,nz,n3,O,n5+1,O+
H6Pn1,n2,n3,0,n5,1 (21)

(A + Ay + pg+ pp+ pg + )

Pnl,nz,n3,n4,0,0: Al Pnl_l,nz,n3,n4,0,0+ Azpnl,nz_l,n&n,},0,0+:u1pn1+1,nzvng_l,n4,0,0+
Hzpnl,n2+1,n3_1,n4,0,0+ M3Pn1,n2n3+1,n4_1,0,0p34+ :u4pn1,n2,n3,n4+1,0,0+ ﬂspnl,nz,n3,n4,1,0+

Mépnl,nz,n3,n4,0,1 (22)

(A1 + Ay + py+ ps + Ug) Fo,0,0mmsm
= .“3P0,0,1,n4_1,n5,n6p34+#3P0,0,1,n4,n5_1,n6p35+#3P0,0,1,n4,n5,n6_1P36+ #4P0,0,0,n4+1,n5,n6+

#spo,o,o,n4,n5+1,n6+ nu6PO,0,0,n4,n5,n6+1 (ny,ny,n3 =0,ny,ng,ne > 0)

(23)
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(A + A; + pg+ ps + pg) Fo.0.n5,0n5mq

= H1Pron i 0mgnet H2Fo,1n —1,0msnsTH3P0 0. 11,0m —1mgP35TH3F0 0.0 11,0m5m 1P 36T

HaFo 0ny1mg et :u5P0,0,n3,0,n5+1,n6+ #6P0,0,n30,n5,n6+1 (ny,ny,ny =0,n3,n5,n6>0)
(24)
(A + A + pg+ py + ) PO,O,n3,n4,0,n6

= #1P1,0,n3_1yn4,0,n6+ #2P0,1,n3_1,n4,0,n6+ #SPO,O,n3+1'n4_1,0,rl6p34+#3P0,0,n3+1,n4,0,n6_1p36+

HaFo,0m5m 41,06 H5F0,0msmy 1mt #6P0,0,n3,n4,0,n6+1 (nq,n3 15 = 0,n3,14,n6 >0)
(25)
(A + Ay + g+ py + ) Fo,0n4m,m50

= UiPron. in,me0t 2P0 1.1 nuns0t B350 0ms1in —1ms0P34T M350 0ns1man__1,0P35T
3—1M4, N5 3 4:Ms, 3ty 5, 3 475

H4P0,O,n3,n4+1,n5,0+ MSPO,O,nS,n4,n5+1,O+ M6P0,0,n3,n4,n5,1 (n1yn2: ng = 0,n3,ny,ng >
0) (26)
(A + Ay + pp + ps + i) Fo 11,0,0,n5,m

= AZPO,nZ_l,O,O,nS,n6+ H3Fon,1,0n 1nP35 H3F0 n,1.0m6n 1 P36+ Halo ny0,1m5n, ™

1sh 120074116 " Hspo,nz,o,o,ns,n6+1
(ny,n3,n, =0,n,,n5 ng> 0) (27)
(A + A+ pp+ py + ) Fo 15,0,14,0,m

= /12P0,n2_1,0,n4,0,n6+ .“3P0,n2,1,n4_1,o,n6p34+ﬂ3P0,n2,1,n4,n5,n6_1p36+ #4P0,n2,0,n4+1,0,n6+

1sFo n,0m,1,n T :u6P0,n2,0,n4,0,n6+1 (4, n3,n5 = 0,n5,my,ng > 0)
(28)
(A1 + Ay + iy + py + us) Py n,0,m4m50

= AZPO,nZ_l,O,n4,n5,O+ .“3P0,nz,1,n4_1,n5,0 P34+.“3P0,n2,1,n4,n5_1,op35+ #4Po,n2,o,n4+1n5,0+

Hspo,nz,o,n4,n5+1,0+ HeFo n,,0m,me1 (4, n3,ng = 0,n5,my,n5 > 0)
(29)
(A + Ay + pp + pig + ) Py n,m30,0m

= %P0 n 1 ma0.0nsTH1PLnn 1 00m6t HoFom i1 100msTH3F0 myn i100m _1P36F
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HaFo nyna1,0ngt BsFon,na01,net Hspo,nz,n3,0.0,n6+1 (ny,n4,n5 = 0,ny,n3,ng >0)
(30)
(A + Ay + pp + pg + us) Fo nyns0m6,0

=5 n,-1 n30ns0TH 1P1,n21n3_1,0,n5,0+ ﬂzpo,n2+1,n3_1,0,n510 +uzP, ,nz,n3+1,0,n5_1,0p35+

HaFo n,n 1m0t #spo,nz,n3.0,n5+1,o+ HeFo nymg0ms 1 (nyn4,ng = 0,n,n3,,n5 >0)
(31)
(A + Ay + pp+ g +uy) Fo nynsm,0,0

=5 n,-1 ,n3,n4,0,0+.u1P1,n21n3_1,n4,0,0+ #ZPO,n2+1,n3_1,n4,0,0+ :u3P0,n2n3+1 n,-1,0,0 P3st

M4P0,n2,n3,n4+1,0,0+ BsFo nyngmg 1,0t BeFo nyngm,01 (ny,ns,ng = 0,ny n3,ny >
0) (32)
(A + Ay + pg + ps+ i) Py.0,0,0m5n4

=4 Pnl_l,0,0,0,115,n6+:u3pn1,0,1,0,n5_1,n6p35+”3Pn1,0,1,0,n5,n6_1p36+ HaPr 0,01ngn,T

HSPnl,O,O,O,n5+1,n6+ Hspnl,o,o,o,ns,nsﬂ (ny ng,n, =0,ny,n5,n > 0)
(33)
(A + A+ g+ g+ p) Pr.10,0,n4,0,m

=4 Pn1_1,0,0,n4,0,n6+ “3Pn1,0,1,n4_1,0,n6p34+:u3pn1,0,1,n4,0,n6_1p36+ ,“4Pnlo,0,n4+1 ongt

HsPn, 00m,1,n,t #6Pn1,0,0,n4,0,n6+1 (g n3 ng = 0,ny,ny,ng > 0)
(34)
(A + A+ g+ py+ us) Py 0,0,n,m50

=4 Pn1_1,0,0,n4,n5,0+ .U3Pn1,0,1,n4_1n50p34+.u3pn1,0,1,n4,n5_1,0p35+ H4Pn10,o,n4+1,n5,0+

Mspnl,O,O,n4,n5+1,0+ BePn,0,0m,n51 (ny n3 ng = 0,nq,ny,n5 > 0)
(39)
(A + Ay + pg+ pus+ ) Pp, 0.n5,0,0m

= Pn1_1,0,n3,0,0,n6+H1Pn1+1,0,n3_1,0,0,n6+ Man1,1,n3_1,o,0,n6+H3Pn1,o,n3+1,o,0,n6_1p36"'

HaPp on.1,0mt HsPr0ns01n,t .uépnl,o,n3,0,0,n6+1 (ng, g, ng = 0,n4,n3,ng >0)

(36)
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(A + A5 + pg + g+ ps) Pn110'n301n5x0

= Pn1_1,0,n3,0,n5,0+#1Pn1+1,0,n3_1,0,n5,0+ ﬂan1,1,n3_1,o,n5,o+#3Pn1,o,n3+1,o,n5_1,op35"‘

HaPp on 100t #5Pn1,0,n3,0,n5+1,0+ HePn, 0n50mg1 (g, ny, ng = 0,nq,n3, 15 >
0) (37)
(A + A+ g+ g+ py) P 0n5m,,00

= Pn1_1,0,n3,n4,0,0+#1pn1+1,0,n3_1,n4,0,0+ #2Pn1,1,n3_1,n4,0,0+ :u3Pn1,0,n3+1,n4_1,0,0p34+

HaPrionsm 4100% HsPn,0nsm, 10" HePnyonan,o01 (3, ns, ng = 0,n4,n3,1, >0)

(38)

(A + A+ py + py+ pg)
Py, n,0,00n= 41 Pnl_l,nz,O,O,O,n6+ /12Pn1,n2_1,0,0,0,n6+ﬂ3pn1,n2,1,0,0,n6_1p36+ HaPp n, 01,00t

HsPn n, 0010t ﬂ6Pn1,n2,0,0,0,n6+1 (n3, ny, ng = 0,n4,n5,ng > 0) (39)

(A + Ay + puy + py + pis)

Py n,00n50= 1 Py _iny00m50t A, Pnl,nz_l,o,o,n5,0+#3pn1,n2,1,0,n5_1,0P35+ HaPn n,01m50F

lispnl,nz,o,o,nsﬂ,o*' H6Pr,n,00ng1 (n3 ny,ng = 0,n4,n5,n5 >0) (40)

(A + A+ g+ pp+ uy)
Py n,0m,00= M1 Pnl_l,nz,o,n4,0,0+ AZPnl,nz_l,O,n40,0+ H3Pn1,n2,1,n4_1,0,op34+ H4Pn1,n2,o,n4+1,0,o+

UsPr, n,o0m,10T BePn,n,0m,01 (n3,ns,ng = 0,nq,n3,ny >0) (41)

(A + A+ g+ py+ p3)

Pnl,nz,n3,0,0,0: /11 Pnl_l,nz,n3,0,0,0+ /12 Pnl,nz_1n3,0,0,0+M1Pn1+1,nzyng_l 0,0,0+ sznl,nz+1,n3_1,0,0,0+
H4Pn1,n2,n3,1,0,0+ MSPnl,nz,n3,0,1,0+ .u6Pn1,n2,n3,0,0,1 (ny, ns, ng = 0,nq,n5,n3) (42)

(A4 + A5 + pus+ ) F5.,0,0,0,n5n,

:ﬂ3P0,0,1,0,n5_1,n6p35+ﬂ3po,0,1,0,n5,n6_1p36+ HaFo,0,01,n5nt Hspo,o,o,o,n5+1,n6+ ﬂepo,o,oo,ns,n6+1

(nq, 15, n3,n4 = 0,15, 16> 0)

(43)
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(A + A5 + py+ pe) F5.,0,0m,,0n,
= .“3P0,0,1,n4_1,0,n6P34+li3P0,0,1,n4,0,n6_1p36+ #4P0,0,0,n4+1,0,n6+ 1sFo 0,0, 1,nF

.“6P0,0,0,n4,0,n6+1 (ny, ny nzng = 0,my,ng > 0)
(44)

(A + Ay + py+ ) F5,0,0,n,75,0
= .U3P0,0,1,n4_1,n5‘0p34+H3P0,0,1,n4,n5_1,0p35+ H4P0,o,o,n4+1,n5,0+ HsPo,o,o,n4,n5+1,o+

teFo,00m,ng1 (M1M2,M3 g = 0,1y, 15> 0)
(45)

(A + Ay + puz+ ) F5,015,0,01m¢
=U1Pion _i00n.t H2Fo 1, 1000350 0n 41,00m —1P36T HaFo0na1,0mt H5F0 0n501mF
3 6 3 6 3 6

UeFo 0,130,07 +1
(n, 15,14, n5 = 0,13, 16 > 0) (46)

(A4 + A5 + puz+ ug) F5,0,n5,0m5,0
= .“1P1,0,n3_1,0,n5,0+ ﬂzPo,1,n3_1,0,n5,0+#3P0,o,n3+1,0,n5_1,0p35+ HaFo 0n41,m0T P‘spo,o,n3,o,n5+1,0+

1eFo 0,m50n01
(ny,n,,ny,ng =0,n4,ne > 0) 47)

(A + Ay + g+ py) Fo,0m4m,0,0
= H1Pron _in,00% H2Fo, 1. 1n,00" H3F0,0m_11n,-1,00P34% HaFoomyn, 11,00% HsFo0m,m, 10
3744 3 4 371 s 4

+ UeF,0,n5m,,0.1
(nq, 15, 15,n6 = 0,13, 14 > 0) (48)

(A + A5 + py + ) Fo n,,0,0,0n

= AZPO,n2_1,0,0,0,n6+M3P0,n2,1,0,0,n6_1p36+ 1aPo n,010n,T B5F0,n,0,01.n,T :u6P0,n2,0,0,0,n6+1

(ny,n3,my,n5 =0,ny,ng>0) (49)
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(A + A, + pup+ pis) Fo n,,0,0m5,0

= AZPO,nz_l,O,O,n5,0+ !13P0,n2,1,0,n5_1,0 P3st UaFo n,0,1n50" ﬂspo,nz,o,o,nSH,o"' 1eFo 1,,0,0m51
(n4,n3,n4,ng = 0,n5,n5 > 0) (50)

(A + Ay + U+ uy) Fo,1,,0,14,0,0
= /12P0,n2_1,0,n4,0,0+ M3Po,n2,1,n4_1,0,o P3st H4P0,n2,o,n4+1,0,o+ UsFon,0m,1,0T Hefo n,0m,01

(nq,n3,n5,ng =0,n5,n, > 0) (51)

(A + Ay + pp+ uy) Fo,n,130,0,0
= /12P0,n2_1,n3,0,0,0+M1P1,n2]n3_1,0,0,0+ ﬂzPo,n2+1,n3_1,o,0,o+ HaFo ny 1,007 BsPon,ma01,07

HeFo nyma001
(n4ny, 5,6 = 0,n5,n3 > 0) (52)

(A + Ay + pig + ) Py, 0,0,00n,
=4 Pnl_l,0,0,0,0,n6+nu3pn1,O,1,0,0,n6_1p36+ HaPn 001,0n,F H5Pn 00010t ”6Pn1,0,0,0,0,n6+1

(n2, 13, ny,n5 = 0,14, 16> 0) (53)

(A1 + Ay + py + us) Py 00,050

=4 Pn1_1,0,0,0n5,0+ﬂ3pn1,0,1,0,n5_1,0 P35t UaPr 0,01,n.0" MSPnl,O,O,O,n5+1,O+ HePn,0,0,0ms1
(ny, ng,ny,ng =0,n4,ng > 0) (54)

(A + Ay + py + uy) Pr.,0,07,,0,0
=4 Pn1_1,0,0,n4,0,0+ #3Pn1,0,1,n4_1,0,op34+ #4Pn10,0,n4+10,0+ KsPr,0,0m,1,0T H6Pny0,0m,01

(nz n3, n5,ng = 0,n4,ny > 0) (55)

(A + A5 + pg + ) Pr.,0,n50,00

=4 Py _10m5000 H1Pn 110m 1,000" H2Pny1n 1,000 BaPnjons1,00t HsPryoms01,0t

KePn 01,001

(ny,ny, ng,ng = 0,ny,n3 >0) (56)
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(A + A5 + g+ )

Py 100,00~ M1 Pnl_l,nz,o,o,o,o"' A, Pnl,nz_l,o,o,o,o"' UaPr n,01,00" UsPr, ny001,0"

tePn,n,0001 (M3 M ns =0,n4,ny 16> 0) (57)
(A1 + A5 + ) PO,O,O,O,O,n6 :#3P0,0,1,0,0,n6_1?936+ H4P0,0,0,1,0,n6+ .“5P0,0,0,0,1,n6+ .u6P0,0,00,0,n6+1
(nq,ny ng, ny,ng =0,ng >0) (58)
(41 + A3+ Us) B 0,0,0n50 :#3P0,0,1,0,n5_1,0?935+ HaFb 0,01,n0" Hspo,o,o,o,n5+1,o+ 1eFo,0,00,me1
(ny,nz,n3,14,ng = 0,n5 > 0) (59)
(A + A5+ 1g) By 0.0m,00 = H3F0 0,1, n,-1,0,0P34% 1o o, 0.1,+1,0,0 + 1sFy 0,0m,1,07 H6F0,0,0,n,,0,1
(ny,nz,n3,ns,ng=0,n, >0)  (60)

(A1 + A5 + pu3) F5,015,00,0
= .U1P1,0,n3_1,0,o,0+ U2P0,1,n3_1,0,0,0+ HaFo 0,n51,0,07 B5F0,0m5,01,07 H6F0,0m50,0,1

(ny,ny,ny,ng,ng = 0,n3>0) (61)
(A + A3+ U3) By 0000 = 42 PO,n2_1,0,0,0,0+ 1aFo 1,,0,1,00 U5F0 n,0,01,0" H6Fo 10001
(nyng,ny,ns,ng=0,n, >0) (62)
(4 + A3+ uy) Py 00,0004 Pr ,-1.0,0000F HaPr 001,001 HsPn, 00010t HePny00,01
(ng nz ny,ns,ng =0,n;>0)  (63)
(A1 + 22) By 0,0,0,0,0 = HaF0,0,0100% H5F0,0,0010% H6F0,0,000,1
(nq,n5, N3 My, ng,ng = 0) (64)

Let us define the generating function as

F(X’Y121R18$T) =
70101=0 ny=o n3 OZOO ?105=o ?106=oPnl,nz,n3,n4,n5,n6anY"ZZ"3R"4S"5T"6

(65)
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Wherel X1, IYLIZLIRL ST 1T1=1

Also we define partial generating functions as

By mamansne) =Lmy=0Pn, mymamngngng X (66)
Foynynsng®s Y) =X =0Pu, nymnyngngX)Y (67)
FrnsneX Y 2)=X0 0 Pynyngng (X Y)Z™ (68)
FagngXY.ZR) =X =0 Po, ngmg (X Y.Z)R™ (69)
Fo. (X,Y.ZRS)=E% 4Py n. (X,Y.Z,R)S™ (70)
FX.YZRST)= I3 _ B, (X.YZRS)T"s (71)

Now, on taking equal to zero one by one and then taking two of them pair wise, three of them
at a time, four of them at a time, five of them at a time and all of them; we get 63 equations.
Now proceeding on the lines of Maggu and Singh T.P. et.al. and following the standard

technique, which after manipulation gives the final reduced result as —

F(X,Y,Z,RST)=

(L= 2)F(0Z,R,S,T) + pp(L = £ )F(X, Z,R,S.T) + t (1 = Epay = Spas — L pag) F(X, Y, R,S,T)

+u (1 -2 )F(X,Y,Z,8,T) +pus(1 =2 )F(X,Y,Z,R, T) +ﬂ6(1 —% )F(X,Y,Z,R,S)

MQA=X)+2,(1 =) +py(1-2) + puy(1—2) + 5 (1—§p34—§p35—§p36)

+ﬂ4(1_%)+ﬂ5(1_§)+ﬂ6(1_%)

(72)
For convenience, let us denote
F(Y,ZRST)=F
F(X,Z,RST)=FE,

FOX,Y,RST)=F
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FOX,Y,ZST)=E,

FOX,Y,Z,RT)=Fg

F(X,Y,Z,RS)=F,

Also F(1,1,1,1,1,1) = 1, being the total probability.

Ontaking X=1as Y,Z,R,ST =1, F(X,Y,Z,R,ST)is of % indeterminate form.

Now, on differentiating numerator and denominator of (72) separately w.rt X, we have

— _MiFq
1 =11
At
A
Uy

Again differentiating (72) w.rtYatY =1

— _HaFp
=+,
_ Az

Again differentiating (72) w.rt ZatZ =1

1== Ui F1— Uy Fot Us(D34+ D35t D36) Fs
— U~ Utz (D34+ D35+ D36)

[where p34 + P35 +p3g=1]

Again differentiating (72) w.rtRatR=1

1= U3(—D3ayF3+UsF,
—HUsP34t Uy

_ (A1t2a)ps,

=>FE=1
4 Uy

Again differentiating (72) w.rt SatS=1

1= U3(—p35)F3+UsFs
—UzD35t Us
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Again differentiating (72) w.rt TatT =1

1= U3(—D36)F3t+UeFs

—H3P36t Ue
A+A
SF=1- 1+ 22)p36
He
Algorithm

ISSN:0971-1260
Vol-22- Issue-14-December-2019

The following algorithm provides the procedure to determine the various queue

characteristics of above discussed queue model:

Step1.0btain the number of customers n,,n,,ng, ny, ne, ng.
Step2. Obtain the values of mean service rate pq, iy, i3, a, Us, g
Step3.0btain the values of mean arrival rate A,,1,.

Step4.0btain the values of the probabilities ps4, D335, P36

Step5. Calculate the value of

VE=1_M
() /= P
. 2
F=1-2
(i) F, e
(i) F; =1 - Atdy
U3
. — _ (Al+lz)p34
(ivyF, =1 0
_ 1 Qatdypsg
V)Fs=1 D
. _ A1+ 22yp
F, =1- 2 pse
(Vi) Fs e

Step 6.Calculate

(i) p=1-F
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(i) p=1-F
(iii) p=1—F,
(V) pl-F,
(v) ps=1—Fy

(Vi) pg=1—F;

Step 7.Check P1:P2:P3 Py p5.p6<1
If so, then go to step (8) else steady state condition does not holds good.

Step8. Calculate average no. of customers (Mean Queue Length)

:P1+P2+P3+P4+P5+P6
(1-p1) (1-pz) (1-p3) (1-py) (1—-ps) (1—pe)

Step9. Calculate variance of queue

V:P1+P2+P3 P4+P5+P6
(1-p1)? (1-p2)? (1-p3)*(1-ps)? (1-ps)?  (1-pe)?

Step 10.Calculate average waiting time for customers

L

EW) = 3

Mean queue length for the system

Average number of the customer (L)

—_ (o] (o] (o] (o] (o] (o]
- 2711:0 N,=0 &MNy=0 2n4=o Ne=0 n6=o(n1 + n, + ni + Ny + ng + n6) Pnl,nz,ng,n4,n5,n6

N =04MN,=0~MNy=0~MNy =0 “Ng=0 “Ng=0 1" nyny,nanygnsng

(o] (o] (o] (o] (o] (o]

I +
N =0 & MN,=0 HNg=0 HNy=0 S Ng=0 “Ng=0 n; PTll,TlZ,Tl3,Tl4,Tl5,n6

(o] (o] (o] (o] (o] (o] n P
N =04MN,=0HMNy=0 &N =0 “Ng=0 “Ng=0""6 "N Ny N3Ny N5MNg

L=1L +Ly,+Ly+L, +Ls +1Lg
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Where

_ P1 _ P2 _ P3 _ Pa _ Ps _ Pe
— L, = L., = L, = Le = L, =
L7 (1-py) 27 (-py) 3 (1-ps) ¥ (1-py) 5T (1-ps) & (1-pg)

After substituting the values, we get

A + Ay A1+, + (A1+23) D34 + (A41+25)p3s + (A4+22) P36
U=y U2, Hs_(ﬂ1+/12) .u4_(/11+/12)p34 ﬂs_(/11+lz)p35 ”6_(/11+/12)p36

Variance of Queue

V(ng+ny+ng+mn, +ng+ng) = X7 Xy X o XnmoLmmo Lo+ Mg + 15 +
n, +ng+ n6)2 P, nynanangng L?

= 2001_0 ?102=0 Na=0 Zoo 4=0 n5 0 Zoo -o(nl)z N1, Ny, N3,y N5 N +
Z:jl:o Z:jz:o Z::;:o Z;ofo M=o Zoo -o(nz)z nl,nz,n3,n4,n5,n6+ """""""" +
S T T B SR TR (16) P mamamanet

22;?1=0 Z:jz:o Z::;:o Z;ofo M=o Zoo -0(n1n2) Nq,Ny N3Ny N5 Ng i +

2
22;?1=0 Z:jz:o Z::;:o Z;ofo Ng=0 Z oy _o(nsns) N4,N», N3,y N5 Ng -L

_ P1 P2 P3 P4 Ps Pe
V= + + + + +
(1-p)?% (1-p)?  (1-p3)? (1-p)? (1-ps)?  (1-pe)?

After substituting values, we get

A1l + Ay iy + (A+25) 15 + (A1+22) UaD 34 + (A1+25) Usp3s + (A1+25) UeD 36
[11—240? (=207 (3= A1+ 217 [a— A+ ) P 3al®  [s—A14d2) sp3s)®  [e— (A1+A) ueD36]?

Average waiting time for customersin the system
=L

EW) =7

Numerical illustration

Give customers coming to three servers out of which one server consists two parallel
channels and other consist of three parallel service channels and further these two service
channels are linked with common server. The number of customers, mean service rate, mean

arrival rate and associated probabilities are given as follows:
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S.No No. of [ Mean Service | Mean Arrival | Probabilities
Customers Rate Rate
1 ny=>5 Uy =4 A =3 P34, =04
2 n, = 8 U, =5 A, =4 p3s =03
3 nz = pz =8 P3¢ =03
4 n, = He=6
5 ns =4 ps =3
6 ne = 20 U= 9

Find the mean queue length, variance of queue and average waiting time for customer.

Solution:-We have

A3
pr=3t=3=075

=t2_4_
pp=:2=5=08

_A1+/lz_7_
p3_y_3_§_0'875

_ (A1425)P34 — 7(0.4) -

pa=— ” 0.467
_ (A1422)P35 _ 7(0.3) _

Ps=— =73 - 0.7

pe= (21422 )P36 - 7(0.3) - 023

He 9

The Mean queue length (Average no. of customers)

:P1+PZ+P3+P4+PS+96
(1-p1) (1-pz) (1-p3) (1-py) (1—-ps) (1—pe)

=17.47
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Variance of queue

:P1+P2+P3 P4+.05+P6
(1-p)?% (1-p2)? (1-p3)%(1-ps)? (1-ps)?  (1-pg)?

=97.81

Average waiting time for customer

E(W) = = =-27=249
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