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ABSTRACT: The notion ofd-algebras introducal JNeggers and H.S.Kim[7] which is generalizaion of BCK-algebras.

They investigated several relations between d-algebras and BCK-algebras. Ideal theory in d-algebras introduced J.Neggers,
Y.B.un and HS.Kim[8]and investigated some relations. In this paperi introduced Congruence relationon d-algéras, proved ~
is equivalence relation ard ~(0) is d’- ideal.
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1.PRELIMINARIES:

1.1 Definition[7]: A d-algebra is a non-empty set X with a constant 0 and a binary operator * satisfying the
following axioms

M) X*x=0
(i) 0*x=0
(iii) x*xy =0andy*x=0=x=V.

1.2 Example[7]:

Let X ={0,1,2} be a set with the following cayley table

N| | O] *
=l N O ©
| Ol O
Ol N O N

Then (x,*,0 ) is a d-algebra

1.3 Example[7]: 2 Let X = {0,ab,c} be aset withthe following cayley table

O|T| ¥ Of %
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Then (X, *,0) is a d-algebra.

1.4 Definition [8]: Let X be ad-algebra and | be a subset of X, then I is called d-ideal of X if it satisfies the
following conditions

0] Oel
(i) x*yelandye l=x el
@iii) Xelandy e X =x*y el

1.5 Example [8]: Let X= {0,1,2,3} bead-algebrain which the operation * defined as follows

W N PO *
W N PO O
W N O|O] -
| Ol R|OoO| N
O| O] O|Oo| w

In X'the sets I, = {0,1} and I, ={0,2} ar d-ideals of X, while I; ={0,3} and I, ={0,1.2}

are not d-ideals of X ={0,1,2,3}.

1.6 Definition[8]: Let (X, *,0) be d-algebra and x € X .Define x * x={x* al/a e X}. Xis
said to be edge d-algebraifforany x e X, x* X={x,0}.

1.7 Lemma[7]: Let (X, = ,0) bean edge d-algebra,then x * 0= x forany x e X.

We assume that (X, *,0)is a d-algebra with edge property.

1.8 Lemma[7]: Let (X, * ,0) bea d-algebra with edge property ,then (x * y}z= (X*2)* vy,
forall xy,z e X

1.9 Propositin[7]: For any d-dgebra X ,and for dl Xx,y,z € X, we have

1) x* (x*xy)=y,oral xy e X

@) x* (x* (xxy) =x*y

@) 0*(xxy)=0=*x)x 0*y)

@ x*0=0=x=0

©) (x* 2)* (y*2)* (x*y)=0

6) x<y=>x*xz<yxzandz=* y<z* X
() (x* y)*(x*2)* (zxy)=0

B) (x* y)=(x*2z) = y=z(let aancellation law hold)
@) (x*y)*=0=(x=* 0)=* (y=*0)
1O)x* (y *2) =(x* y)* z

() (x*2) =(y* 2)=(x*Y)

12)(x * 0)* 0=x
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1.10 Definition : A d-ideal | ofd-algebra X is sad to d*-ideal if forany x,y,z € X,
X *ze lwheneverx *y e land y*z e l.

1.11 Definition: A d*-ideal | ofa d-algebra X is cdled d*-ideal if x*y elandy*xel =
xx2*(yx2eland(z*x)*(z*y) el,foralxy,zeX.

2. MAIN PART :

2.1 Definition: Let | be d*-ided ofa d- agebra X

Define x ~y ifand only if x*y e land y* x € I,forany x,y € X

2.2 Theorem: Let | be d*-ideal of d-algebra X. Then ~ is equivalence relation on X
Proof: Define~on X by x ~y ifand only if xxy e land y* X €l, foranyx,y € X
Claim: To show that ~ is congruence rdation:

(i) Since0 el=x*x=0 el

=X ~ X forany x € I.

Therefore ~ is reflexive

(i) Let x,y,ze X

Suppose X ~y

Sincex ~y ifand only if x*yeland y* x € |

=y*xeladx*yel

=Y ~X.

T herefore ~ is symmetric.

(iii) Let X, y,ze X.

Suppose X ~y and y ~z

=>X*y,y*xXelandy*zelandzxy €l

=x*z,z* xe | (By 110).

=X~z

Therefore ~ is transitive.

Therefore ~ is equivalence relation on X.
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2.3 Definition: An equivalence relation ~on d-algebra X is a congruence relaion on d-algebra X satisfying x * ye
l,ysXxel=X*y)x(y* 2) eland (z* X} (z* y) € l,orall x,y,z e X

2.4 Theorem: Suppose ~ is congruence relation. Then ~(0) is d*-ideal.
Proof: (i) Since 0~0 = 0*0and 0 *0=0 € ~()

Therefore 0 e~(0).

(ii) Suppose y* x €~(0) and x € ~(0).

Sincexe ~(0)= x ~Oifand only if x* 0, 0= x.

Sincey * x € ~(0) = (y* x) ~0ifand onlyif (y*x) *0, 0* (y* x)
= (yx 0) *(x*0),(0=*y) *(0*x) (By1.9).

= (y*0)* 0, (0* y) *0(Bydefl.1)

= (y=0) *(0*0),(0%0) *(y*0) (Byl.9)

= (y*0) ,(0*y) =y~ 0=ye ~(0).

(iii) Suppose xe ~(0) and ye X

Sincex e~(0)ifand only if x*0,0 *x

Nowx *0,0*x=x*0*y),(0*y)*x (By11l)

x

*y= x*((y*0)*0 (By 19)

(x*(y*0))*0=(x*0)*(*0)*0 (By 19(9)

(x* 0)* (0* 0) (Byl.1)
= (x*0)*0=(x * 0).

x*y= x*(k*(x*y) (Byl9)

= (x*y) * (x*x)

= (x*0)*0 (By1l1)

= (0*y)*x=(0*x).

x*y= (x*0)and (0 *x)= x e ~(0).
Therefore x *y e ~(0) .

(iv) Suppose x*y e~(0)and y*z & ~(0)

Sincex *y e~(0) ifand onlyif (x *y)*0, 0*( x*y).
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Since y *z e~(0) ifandonly if (y*2 *0, 0*y *2).
Now x*z=x*(z*0)*0)= (x*(z*0))*(x*0)

= (x*2)*(x*0)*(x*0)

(x*z)*0 ( ByLl1l).

e~0) .

x

*z=x*(x*(x*z)) By 19)

O x) > (x> (x *2)

0™ ((x*x)*(x *2))

0*(0*(x*2)) =0*(x*2) € ~(0)

Therefore x *ze ~(0) .

(v) Suppose x*y e ~0)and y *x € ~(0).

Since x *y e ~(0) ifand onlyif (x*y)*0,0*(x*y).
Since y *x e ~(0) ifand onlyif (y*x)*0,0%*(y* x).
Now (x*z)*(y*z) =(x*y)*z (By 19)

= (x*y)*(x*(x*z))

(X*y ) *(x* x)*(x* 2))
(x*y)*(0*(x*z))(By 11)

(x*y)=*0 (By1l)

e~(0) .
(x*z)*(y*z) =(x*y)*z (By 19)
= (x*y) *(x*( x*z))

(x*z)*(x*(x*y)) (By edge property )
(x*z)* (x*x)*(x*y) (By 19)

(x*z)* (0% (x*y)) (By 11)

0*((x*z)*(x*y)) (Byedge property )

0*(x*(z*y))
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= (07x)*(0*(z*y)) (By 19
(0*x)*((0*z)*(0™*y) (By 19

(0*x)*(0*(0*y))

0*((0*x)* (0*y))

0*(0*(x*y)) =0*(x*y) € ~0).
Therefore (x*z)*(y*z) e ~(0) .Therefore~0) is d*-ideal.
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