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Abstract. Let N, (n) denote the number of ways of expressing nas a linear combination of ksquare
numbers and t, (n)be the number of ways of writing nas a linear combination of ktriangular
numbers, where nbeing a nonnegative integer. Zhi-Hong Sun [International Journal of Number
Theory, 2018] found several relations between tand Nand posed seven open conjectures. The five
conjectures on the ternary case are proved by Kim and Oh [Journal of Korean Mathematical
Society, 2019] by an elementary method. Xia and Yan [International Journal of Number Theory,
2019] proved conjectures 6.1 - 6.6. In this paper, we prove the last conjecture 6.7. We also find
some new relations between N, (n)and t4(n).
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1. Introduction

LetW, Mand Zrepresents the set of whole numbers, positive integers and integers
respectively. For k €M, let M*¥ = M x M X --- x M (k times)and Z¥ = Z X Z x -+ x Z(k
times). For m;eMand neW, define

N, () = {(y1, Y2, W) € ZFlmyyf + mpys + - myyf = n}l,

t;.(n)

— {(}’1;}’2; ) € Zk|m1 Y1(y21+1) +my }’2(}’22+1) + ot my, }’k(yzk-i'l) _ n}l’
and

T, (n)

— {(}’1;}’2; ) € Mk|m1 y1(y21+1) +my yz(y22+1) F ot my Yk(y2k+1) _ n}l’

where we also set N, (0) = T, (0) = 1. Since y(y;l) = (_y)(z_yH), it is clear that

ty (n) = Zka (n) (11)
When m; = 1 for all i, then N,(n) and T, (n) are usually denoted by 7, (n) and t,(n),
respectively.

It has been found that there exist particular relations between N, (n)and t; (n)with
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mim; = 9. Wang and Sun [5,6] and Sun [8] discovered several new relations between
N4(n) and t,(n).In [9], Sun also found several relations between N, (n) and t, (n) by
using Ramanujan’s theta function identities and posed seven open conjectures (Conjecture
6.1 — Conjecture 6.7). In this paper, we prove all of his conjectures by using Ramanujan’s
theta functions. In the following six theorems, we state conjecture 6.7 of Sun [9] and five

new results that we prove in this paper [we use the notation N(a, b, c, d; n)for Ny(n)].
Theorem 1.1.(Conjecture 6.7 in Sun [9]) Let n € M. Then, n is represented by 21(22;1) +
2 4 62 Difand only if n 2.3~ — 1(mod 3%7) forr = 1,2,3 .

Theorem 1.2.Let neMand [, keNU {0}. Then, we have

N(1,1,8l +48k+1;8(n+1+k)+7) =t(1,1,8] + 4,8k + 1;n) (1.2)
and
N(1,1,8l + 48k + 5;8(n+ 1+ k) + 11) = t(1,1,8] + 4,8k + 5;n). (1.3

Theorem 1.3. Letn € M. Then,
%N(1,3,10,14; 8n + 28) —2N(1,3,10,14;2n + 7) = t(1,3,10,14;n). (1.4)

Theorem 1.4.Let n € M. Then,

%N(1,2,3,6; 8n + 12) — 2N(1,2,3,6; 2n + 3) = t(1,2,3,6;n). (1.5)

Theorem 1.5.Let n € M. Then,
%N(1,1,4,14; 8n+19) = t(1,2,2,14; n).

Theorem 1.6.Let ne Mand s,b be any odd positive integer, then

N(s,s,s,9s;8(n+s) +4) — N(s,s,s,9s;2(n+ s) + 1) = t(s, s, s,9s; n)and, for any
k €N,

N(b,b,b,9b; 4n) = N(b, b, b,9b; 4*n).

We organize the remainder of the paper in the following way. Since we use Ramanujan’s
theta function identities in our proofs, we present basic material on the topic and important
lemmas in the next section. In section 3, Theorem 1.1 is proved, whereas the remaining
sections are devoted to proving Theorems 1.2-1.6.

2. Preliminaries

Ramanujan defined the general theta functionf (a, b) by
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f(a, b) = ZI?:—oo ak(k+1)/2 bk(k—l)/Z, |ab|< 1.
From here onwards and in this complete paper, we will use the notation g(a, b) in place of

f(a,b).

Three special cases arise from the definition of g(a, b), given as follows:
o(@) = 9(q00) = X0 0° = (=4 4)% (4% ¢Pon, (2.1)
V(@) = 9(q,4%) = T 002 = 0= (29)

and

9(—=q) = g(—q,—q*) = Xy__, (=D gkG=D/2 = (¢; q),, (2.3)

where the above product representations arises from the Jacobi’s TPI taken from [1, p. 35,
Entry 19].
g(1r,8) = (=1;78)0s (=8;78) o0 (r$; 75) oo, (2.4)

where the following standard notation is used.

(@ Do = [172(1 — ag’).

Also set
X(@) = (=q; P o. (2.5)
From the definitions of theta functiong(q) and theta functiony(q), it is clear that
Yn-oN(ay, az, ..., a1;n) q" = (g )p(q??) ......0(q") (2.6)
and
Yn=0T(ay,az, ..., ak;n) 4" = @(q“)p(q??) ......(q"). (2.7)

Some preliminary identities ofg(a, b)are stated in the lemma below.

Lemma 2.1.(Berndt [1, pp. 45-46, Entries 29 and 30]) We have
gle.f) + g(—e,—f) = 2g(e’f,ef?), (2.8)

gle.f) = g(—e,—f) = 2eg(L, e5F%), (2.9)

9(e,Ng(r,s) + g(—e,—f)g(—r,—s) = 2g(er,fs)g(es, fr), (2.10)
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9le.f)g(r,s) — g(—e,~g(-r,—s) = 2egL,er?s)gt,ers?), (211

Settingr =s =e = f =qin (2.8) — (2.11) and using (Berndt [1, p. 40, Entry 25])
implies the following 2-dissections ofg (q) andg?(q).

Lemma 2.2.We have

o(@) = (@) +2q9(q®), (212) ¢*(q) = ¢*(q*) + 4q¥*(q*)
(2.13)

In the next lemma, we recall 2- and 3-dissections ofyy(q)and¢(q) from Berndt’s book
[1, p. 49, Corollary].

Lemma 2.3.We have
o(q) = 9(q”) +2qf(¢% q"), 214 ¥(@) = f(q°% q") +
af (a% 4", (2.15)
v(@) = (g% q°) + q¥(q°). (2.16)

Some 2-dissections of products of theta functions are recorded in the following lemma.

Lemma 2.4.The following identities hold

e(@e(@®) = e(@ (@) + 2qy(g®)P(q®) + 49*Y(a®)Y(g**), (2.17)
Y(@OY(a®) = PaMe@®) + qp(@®)P(a™?), (2.18)
P(@»)Y(@®) = Pa®e@®) + Y@@ + q* e (g (q'*°), (2.19)
YY) =Pa®e@®) + qp @@ + q®e(aH)(a®), (2.20)
Y(@OY(@™) = p(@®)Pa®) + qe(@®)P(@*) + (@Y (@*). (2.21)

Proof.Identity (2.17) follows by setting (u,v) = (2,1) in [1, p. 68, eq. (36.2)], and then
employing (2.12) and (2.13). Identities (2.18), (2.20) and (2.19) follow from (36.8) of [1, p.
69] by setting (i, v) = (2,1), (1, v) = (4,3) and (u, v) = (4,1), respectively.

To prove, identity (2.21), we first note, by (2.12), that

?(@)9(@*) — p(=q)o(=q%) = 4¢°(0(@*)P(@**) + > (@) (q**)).

But, by [?, p. 377, Entry 9(iii)], we also have

P(@)e@°) — e(=a)e(—q°) = 2¢*P@P@"™) —P(—DP(—9™)).

From the last two equations,

V(@Y™ = p(=P(=9") = 2q(0(@*)P(@*") + ¢*e(@*)¥(@*)).
On the other hand, from [1, p. 377, Entry 9(iv)], we recall that

V(@Y™ + p(—(—q*) = 2¢(q®)yp(q).

Adding the previous two identities, we readily arrive at (2.21).
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3. Proof of Theorems 1.1

z1(z1—1)

,— t

One way of the theorem has already been proved by Sun [9], namely, ifn =

2 4 65D thenn # 2.32771 — 1(mod 327)forr = 1,23,....

Therefore, we need to show only the other way, that is, if n = 2.3%"~1 — 1(mod 3°7), then
T(1,1,6;n) = 0. This is equivalent to showing that ifn = 32"k + 2.32"~1 — 1, for some
integer kand r = 1,2,3,....., then

T(1,1,6;n) = 0. (3.1)

Note that, whenr = 1, thenn =9k +5 =3Bk + 1) + 2.
From (2.7), we have

weo T(1,1,6;1)q™ = > (Y(q®).
With the use of (2.16) and extraction of terms involving g*"*? from both sides, we find from
the above equation that
oo T(1,1,6;3n + 2)q™ = ¥(q*)*(q?). (3.2)
Again, employing (2.16) in the above equation, and comparing the coefficients of g>"**
from both sides, we find
T(1,1,6;3(3n+ 1) + 2) = 0. (3.3)

which is the caser = 1 of (3.1).
Again, using (2.16) in (3.2), and comparison of the terms involvingg3™*2from both sides
gives
n=0T(1,1,6;3(3n + 2) + 2)q" = Y*()(q°®) = X7-0 T(1,1,6;n)q",
from which we readily arrive at

T(1,1,6;3?n+ 2.3+ 2) =T(1,1,6;n),
that is,
T(1,1,6;3’n+3.3—1) =T(1,1,6;n).
Replacing nby3(3n + 1) + 2 in the above and then using (3.3), we have
T(1,1,6;3°(3(Bn+1)+2)+32-1)=T(1,1,6;33n+1)+2) =0
that is,
T(1,1,6;3*n+2.33-1) = 0,

which is the caser = 2 of (3.1).
Now, (3.1) can be easily proved forr =1,2,3,...... , by mathematical induction.
From Baruah, Cooper and Hirschhorn [7, Theorem 1.4], we note that

N(1,1,6;8n+8) — N(1,1,6;2n + 2) = 8T(1,1,6,n).
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From Theorem 1.1 and the above we have the following interesting result.
Corollary 3.1.1fn = 2.3~ — 1(mod 3?") forr = 1,2,3, ... ..., then
N(1,1,6;8n +8) = N(1,1,6; 2n + 2).

Remark 3.2.The following general result can be verified by proceeding in a similar way as
in the above proof of Theorem 1.1. If n = 2.3%"~! — 1(mod 3%")andk is a non-negative
integer, thenT'(1,1,9k + 6;n) = 0.

4. Proof of Theorem 1.2
We note from (2.6) that
D NALBL+ 445+ 1m)g" = (@9 @ Do)
n=0
Using (2.12) and (2.13) in the last equation, extracting the odd powers of g, we obtain
z N(1,1,8] + 4,4s + 1;2n + 1)q"

n=0
= 49*(@De(@"*)p(@**?) + 207 Y@ * (@ (@ *?).

Again, application of (2.13) and extraction of the odd powers of g implies from above that

Y2 o N(1,1,8] + 4,45 + 1;4n + 3)q" = 8¢°P(q® Y2 (q?)p(g?+!) =

8q51/)(q85+2)1/)2(qz)(<p(q81+4) + 2q21+1lp(q16l+8))'
(4.1)
where the last equality is due to (2.12).
Now if sis even, say,s = 2k, then extracting the odd powers of gfrom both sides of
(4.1), we arrive that

® oN(1,1,8 + 4,8k + 1;8n + 7)q" = 16" "2 (@) (g8 )(q®*1). (4.2)

On the other hand, if sis odd, say,s = 2k + 1, then extracting the even powers of gfrom
both sides of (4.1), we have

® N(1,1,8] + 4,8k + 5;8n + 3)q"™ = 16" Y2 () (q® (¥ +>).(4.3)

Comparing the terms involving g™+ **andg™+**+1  from both sides of (4.2) and (4.3),
respectively, we arrive at
N(1,1,8l +48k+ 1;8(n+ 1+ k)+7)=16T(1,1,8] + 4,8k + 1; n)and

N(1,1,8l + 48k + 5;8(n+ 1+ k) +11) = 16T(1,1,81 + 4,8k + 5; n),
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which, by (1.1), are equivalent to (1.2) and (1.3), respectively. This proves Theorem
1.2.
5. Proof of Theorem 1.3
From (2.6) and (2.17), we have

w0 N(1,3,10,14;n)q™ = o(@)@(g*) (g p(q"*) =
(@)@ (e@e@™®) + 2q(@®)P(q®) + 4q*Y(a®)P(a**)).

Extracting the even and odd powers of q separately, we find that

2o N(1,3,10,14; 2n)q™ = 9(g*) (g {e(q*9(q®) + 4¢*Y(gP(g'*)}(5.1)
and

w=o N(1,3,10,14;2n + 1)q" = 29()¥(a*)9(a>)9(d) v (q). (5.2)
Use of (2.12) in (5.1), and extraction of the even powers of q from both sides gives

[oe]

N(1,3,10,14; 4n)q™
n=0

= (@@ + 4¢°9(a*)9(a*®)) (e(p(g®) + 49y (@DY(q®)),
which, by (2.17), implies

2 N(1,3,10,14; 4n)q"

n=0
= (@)@ + 4¢°9(a*)P(a*®)) (g (q'?) + 6qy(g®)P(q®)
+4q*P(g®)P(q®)),

Extraction of the coefficients ofg?™*1implies from above that

Z N(1,3,10,14;8n + 4)q" = 6¥()P(a*)9(a>)p(q7) + 24¢°Y(Q)P(@*)P(a')P(q™),
=0

\r/lvhich can be recast with the aid of (5.2) and (2.7) as

Z(N(1,3,10,14; 8n + 4)q™ —3N(1,3,10,14;2n + 1))q" = 24 Z 7(1,3,10,14;n)q"*3.
= n=

n=0 0

Comparing the coefficients ofg™*3on both sides of the above and then using (1.1), we
prove (1.4).
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6. Proofs of Theorems 1.4-1.6

The proof is similar to that of Theorem 1.3 given in the previous section. We apply
(2.17) to the generating function

Z N(1,2,3,6;n)q™ = p(@)e(g®)e(q*)p(q®),
n=0

and then extract the even and/or odd powers of g, to find that

> N(1L236:2m0" = (@@ (Pa)e(@®) + 40P,
n=0

D N(L3,1014;2n + D" = 29p(@(a )0 (@@,

n=0

z N(1,2,3,6;4n)q"
n=0
= ((@D9@®) + 4q* (@ P(@)) (e (@D e(a®) + 49 (qD)(g®)),
Y N(1,23.6:8n+ 44" = 69 @P@*) 9(@e(@) + 4apaIp(a?)
n=0

Thus,
(N(1,2,3,6;8n +4) —3N(1,2,3,6;2n + 1))q" = 24qy(q) Y (q*) Y (q*)¥(q°®)

n=0

= 24 Z T(1,2,3,6:n)q"*.
n=0

Equating the coefficients ofg™*and use of (1.1) implies (1.5) to complete the proof.
The proof of Theorem 1.5 and the proof of Theorem 1.6 are almost same, so we omit
them.
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