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Abstract

In this paper, some C,-sequence spaces are defined using an Orlicz function and ideal

convergence in 2-mnormed spaces and examined their topological and algebraic properties.

1. Introduction

There are two numbers systems viz. Quaternions and bicomplex numbers as the generalization of

complex numbers but their algebraic structures are entirely different. The Quaternions forms a

non-commutative division algebra but the set of bicomplex numbers forms a commutative ring

with zero divisors. The concept of bicomplex numbers was introduced by Price [6]. The C;,

Co and C; denote the set of bicomplex numbers [6], complex numbers and real numbers,

respectively.

Definition 1.1. Bicomplex Space: The set of bicomplex number is defined as (cf. [6-8])
Cr:i={dy +j1d; +j,ds+jij,ds: dp €Co,1<k<4}= {w +j;wiw;,w; € (i},

where j{ = j3 = —1, jij, = jaj1-

The set C, has only two non-trivial idempotent elements given by e; and e, having values

141 1—jyj
= 2 and e, = ( }1]2).
2 2

Note thate; + e, = 1 and e;.e; = 0.
The number ¢ = wy + j, w, can also be written as [7]:

E=witjwy="el+ ey,
where &= w; —j;w, and 2& = w; +j; w,. This representation is a unique for each
bicomplex number with respect to linear combination of e; and e,.
Theterms '&and 2& are known as idempotent components of &, and 'Ee; + 'Ee, is called
as idempotent representation of bicomplex number & The auxiliary spaces B, and B, are
definedas B; = {!¢: £ €C}andB, ={ 2%&:&€C,}.

The norm in C, is defined as follows:
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1¢12 2212
+
el = Jai + a3+ a3+ @i = VTP T Wl = jw

The following inequality is the best possible relation for the normon C,:

NE - nll < V2 €]l lInll
For this reason, we call C, as modified complex Banach algebra [6].
Throughout the paper, the w,,c, ¢, and £, denote the space of all C,-sequences, convergent
sequences, null sequences and all bounded sequences. We denote the zero sequence
(0,0,0,...,0,..) asmand s = {s,} is a sequence of positive real numbers and { s; '} = {q;}.
The concept of ideal convergence was introduced by the Kostyrko et al. [1]. An ideal on N is a
collection of subsets of N is closed under the finite unions and subsets of its elements. It is
considered as the generalization of statistical [2].
Definition 1.2. Orlicz Function: An Orlicz function M : [0,00) — [0, ) is defined as:

(i) Itiscontinuous on [0, o)
(if) Itis a convex function
(iii) It is a non-decreasing function on [0, )
(iv) M(0) = 0,
(v) M(a) > 0fora >0,
(vi) M(a) » wasa — .
The Orlicz function, M is called modulus function if it satisfies the property:

M(a +b) < M(a) + M(b),

Note that if M is an Orlicz function , then

M(Aa) < AM(a), VA with0o<A<1.
Let (X, ]].|]) be a normed space. A sequence {a,} in X is called as statistically convergent to
a€X, ifthe set K(¢) ={n € N: |la, — all| = €} has natural density equal to zero for every
€ >0.
Definition 1.3. Ideal: A family B c 2¥ is called an idea if
() ¢ ¢B
(i) RRSEB = RUSERB
(iii) ReEB,ScR = SEB.
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An ideal B is said to be admissible ideal of Y, if {x} € B for each x € Y, [9, 10]. Given B c 2Y¥
is a nontrivial ideal in N. The sequence {a, } € X is said to be B-convergent to x € X if for each
€ >0,theset K(e) ={n €N :||la, — al|l = €} belong to B (cf. [1, 3]).
Recently, a lot of researchers have started studying the concepts of summability in these types of
nonlinear spaces (cf. [8-10]). Let X be a real finite dimensional vector space. The 2-norm on X is
afunction ||.,.|l : X X X — R, having the following properties:

(i) |la, bl| =0 ifand only if a and b are linearly dependent,

(i) lla, bll = 1Ib, all,

(iii) llya, bll =1y |lla, bll,y €R,

(iv) lla, b+cll < lla, bll + lla, cll.
The pair (X, ||.,.]]) is a 2-Banach space if every Cauchy sequence in X is convergent X.
In this paper, we discuss some C,-sequence spaces by using ideal convergence and Orlicz
function in 2-normed spaces.
2. C,-Sequence Spaces
Let A = {6,,} be a sequence of positive numbers such that it is non-decreasing and unbounded
with the condition §; = 0. Let (X, || .||) be a 2-normed space, J be an ideal of N, and M be an
Orlicz function. Also assume that g = {q, } be a bounded real sequence with g, > 0. Throughout
the paper, w, denote the linear space of all C,-sequences defined over (C,,||.,.||). For some

K > 0,L € C, and each z € C,, we defined some C,-sequence spaces:

i) Al LM,6,q)={xew :Ve>0{ne N e, [M(”“K‘L,z”)]qk }=eler,
(i) 4p(Co ... 1LM,8,q) = {x€w, :Ve>0{ne Nt ey, [M(”%"Z”)]qk }=eler,
(i) Ao (C2, 1., 1L, M, 8,) = {x € w4 : 3T > 0 5.t. suppey 5i Seer, M (|| 2 |)]qk <7},
(V)AL (Coo 1., 1,M,8,q) = {x € w, : 37 > 0s.t.fn € Nt i, [M(”%"Z”)]qk }=r}el

where J, = [n — 6, + 1, n]. we shall use the following inequality in proving the results [11]:
0<q, <supq, = H,D = max{1,2771},
Then,
|z + wyi|% < D (|2 |9 + [wy|%),

vk, z,, w, € Cy. Further, |z, |% < max{1, |zy|"}, for some z, € C;.
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Theorem 2.1: The set 4}(C, |.,.1l, M, 5,q) is a linear space over C;.
Proof: Let &, € A,(Cy |.,.1l, M, 6,¢) and a, B € C;, so that
1 qk
nEN:—Z[M( f—k,z )] >€r€]
611 Kl
iee]
for some K; > 0,
1 qk
nEN:—Z[M( e z )] >€r€]
611 KZ
ke,

for some K, > 0, Then,
Z[ (st A
5 la|Ky + [BIK,’
2 (I
k
< — 2k
bF. Z (-

where

, Z

)
K,’

)]qk+ b5, Z[mmlilmm (%
) + g el

F =max|1 ( lal >H < A1 >H
‘\lalKy + |B1K;) " \|a|K; + |BIK, .

Hence,
v, 2l s A =

clremort S ()] = ofnenort S ("

Corollary 2.1: A/ (Cy, |I.,. 1, M, 68,9),Aw (Cy, I, .1, M, 8, q) and Aoo €y, ., M,68,q) are linear
spaces.
Theorem 2.2: The space A, (C,, |I.,. |, M, 8, q) is a paranormed space with respect to paranorm

function defined as
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1/H

. n 1 Sk 1k
gn(x) =inf{ KH : K > 0s.t. supa— E [M(”E,z”)] <1vzeX
n

Proof: Clearly, g,(8) = 0 and g, (—x) = g(x).
Now, let ¢ = {¢,} andn = {n,} in A (Cy, |I.,.1l, M, 8, q). Define

qr
)] <1L,VzeX,

E) = K>0:supaiz:M( %,z

n kej,

EM) = K>0:supaiz M ( TZ‘ Z”)]qkSLVZEX .
n ke]n_

Let K; € E(¢) and K, € E(n), then if K = K; + K,, we have

1 Sk + M
— M
SuPS- ; (“ K Z“)

K; 1 z: ¢k
<———sup+— M( —,
K, + K, 6y & K;

)

)+ % Z (2
A) Tk + kP,

1

Thus,

Skt M
K1+K2

qr
Z) <1

ws, 2 (e

and
n (& + M) < inf{(K1 + Kz)qﬁn 1Ky €E(6),K; € E(U)}
<inf{k,; 7 : K; € @} + inf{K, 7 : K, € E(p)}

=gn(§) + g. ().
The continuity of scalar multiplication is straightforward. Hence proved.

Corollary 2.2: For some F € J, we have
A (o, I, M, 8,p) = {§ = (6} € wy + 3K > 0; supyeg Tuey, [M ([, 2]|)]" < k2> 0},

where G = N/F, for each z € C,. It is a subspace of 4, (C,, |I.,. I, M, 8, q).
Definition 2.1: A sequence space is known as solid space if {a;¢é,} € s, whenever {¢,} € s for any

sequence {a; } of scalars with |a;| < 1, forall k € N.
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Theorem 2.3: The spaces 4}(Cy, II.,. I, M, 8,q) and AL, (C,, |I.,.1l, M, 8, q) are solid spaces.
Proof: We shall prove the result for A{)(Cz, II.,.1l,M, 8, q) only.

Suppose that {¢,} € A{)(CZ, II.,.1,M,8,q) and (a;) be a sequence of scalars such that |a;| <1, Vk €

N. Then we have

1 a qx D i
neNnN:— z [M(Hk—fk,Z”)] >e€; S {neN:— Z [M(|E—k,z )] >€erE],
On K &, K
kej, keJ,
where D = max{1, |a,;|"}.
Hence, {a, &} € 4)(Cy ... 11, M., 8, q).
Theorem 2.4: Assume M;, M, be two Orlicz functions. Then, we have
(i) AY(Co I, I, M1, 8,q) € AY(Cy, .. Il MyoMy, &, q) provided (g, ) is such Hy = infqy > 0.

(ii) A{](CZI ”l . ”lMI 6: CI) N A{)(CZI ||l ||1M2: 6: Q) c A{)(CZI ||I ||IM1 + M2)6) Q)
Proof: (i) For given e > 0, choose e; > 0 such that max{e/, €/ °} < e. By using the continuity
of M; let 0 < A < 1 with 0 <t <A suchthat M(t) < .

Let (fk) E A{)(CZI ”'I' ”IM].I 61 Q)
Then,

)]qk > e].

.
KI

EQQ) = nEN:;—n Z[Ml(
kej,

Thus, if n € E(1), then

1 fk Ak u
5 2 = (lieA)] <2
kej,

[M2<|%,z )]qk <M,vke]j,

s (o] <2

Hence, by the continuity of Orlicz function M, we have

Thus,

(A< ven

which implies that
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z [ ’fk dk
M10M2< —,Z )] < 6671
kej, Kk
qk
1 ¢k
> — Z [Ml (Mz ( |—,Z )) < 6.
5 o K
Therefore,
qk
1 ¢k
nEN:—Z[M1<MZ(|—,Z )) >ercEQ)
6 o K
Hence,
1 f qk
nen: —Z [M1<M2(|—k,z )) >ep €]
o o K
(iii) Suppose that (&) € 4,(Cy, II.,. I, My, 8,9) n A, (Cy, |I., .1l My, 8, q), then,
1 ’fk qk 1 ‘Ek qk 1 fk Ak
57[“”1 ) (|2 )] <o a[’”l (=1 + Da[’”2(|f'z )|
Clearly,
(Ek) € A{)(CZI ”l ”;Ml + MZ' &p)
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