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Abstract 

In this paper, some 𝐶2-sequence spaces are defined using an Orlicz function and ideal 

convergence in 2-mnormed spaces and examined their topological and algebraic properties. 

1. Introduction 

There are two numbers systems viz. Quaternions and bicomplex numbers as the generalization of 

complex numbers but their algebraic structures are entirely different. The Quaternions forms a 

non-commutative division algebra but the set of bicomplex numbers forms a commutative ring 

with zero divisors. The concept of bicomplex numbers was introduced by Price [6]. The 𝐶2, 

𝐶0 and 𝐶1 denote the set of bicomplex numbers [6], complex numbers and real numbers, 

respectively.  

Definition 1.1. Bicomplex Space: The set of bicomplex number is defined as (cf. [6-8]) 

𝐶2 ∶=   𝑑1  + 𝑗1  𝑑2  + 𝑗2  𝑑3 + 𝑗1𝑗2  𝑑4 ∶  𝑑𝑘 ∈ 𝐶0 , 1 ≤ 𝑘 ≤ 4  =  {𝑤1  + 𝑗2  𝑤2: 𝑤1 , 𝑤2 ∈ 𝐶1}, 

 where 𝑗1
2  = 𝑗2

2 = −1, 𝑗1𝑗2 = 𝑗2𝑗1.  

The set 𝐶2 has only two non-trivial idempotent elements given by 𝑒1 and 𝑒2 having values 

𝑒1 =
1 + 𝑗1𝑗2

2
    and      𝑒2 =

 1 − 𝑗1𝑗2 

2
. 

Note that 𝑒1 +  𝑒2 = 1 and 𝑒1. 𝑒2 =  0.  

The number 𝜉 = 𝑤1 + 𝑗2  𝑤2 can also be written as [7]:  

𝜉 =  𝑤1 + 𝑗2  𝑤2 =  1𝜉 𝑒_1 +    1𝜉 𝑒2, 

where 1𝜉 =  𝑤1 − 𝑗1  𝑤2 and 2𝜉 =  𝑤1  + 𝑗1  𝑤2. This representation is a unique for each 

bicomplex number with respect to linear combination of 𝑒1 and 𝑒2. 

The terms 1𝜉 and 2𝜉 are known as idempotent components of 𝜉, and  1ξ e1 +    1ξ e2 is called  

as “idempotent representation of bicomplex number”ξ. The auxiliary spaces 𝐵1 and 𝐵2 are 

defined as 𝐵1 =  {1𝜉 ∶ 𝜉 ∈ 𝐶2} and 𝐵2 =   2𝜉 ∶ 𝜉 ∈ 𝐶2 .  

The norm in 𝐶2 is defined as follows: 
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 𝜉 =  𝑑1
2 +  𝑑2

2 + 𝑑3
2 +  𝑑4  

2   =    𝑤1 2 +   𝑤2 2  =    
 𝜉1  

2
+  𝜉2  

2 

2
 

The following inequality is the best possible relation for the norm on 𝐶2: 

 𝜉 ⋅ 𝜂 ≤  2   𝜉   𝜂  

For this reason, we call 𝐶2 as modified complex Banach algebra [6]. 

Throughout the paper, the 𝜔4 , 𝑐, 𝑐0 and ℓ𝐶2

∞  denote the space of all 𝐶2-sequences, convergent 

sequences, null sequences and all bounded sequences. We denote the zero sequence 

 0, 0, 0, … , 0,…   as 𝜋 and 𝑠 =  {𝑠𝑘} is a sequence of positive real numbers and   𝑠𝑘
−1  =   𝑞𝑘 . 

The concept of ideal convergence was introduced by the Kostyrko et al. [1]. An ideal on 𝑁 is a 

collection of subsets of 𝑁 is closed under the finite unions and subsets of its elements. It is 

considered as the generalization of statistical [2].  

Definition 1.2. Orlicz Function: An Orlicz function 𝑀 ∶  0,∞ → [0,∞) is defined as: 

(i) It is continuous on [0,∞) 

(ii) It is a convex function 

(iii) It is a non-decreasing function on [0,∞) 

(iv) 𝑀 0 =  0, 

(v) 𝑀 𝑎 >  0 for 𝑎 > 0, 

(vi) 𝑀 𝑎 → ∞ as 𝑎 → ∞. 

The Orlicz function, 𝑀 is called modulus function if it satisfies the property:” 

𝑀 𝑎 + 𝑏 ≤ 𝑀 𝑎 +  𝑀(𝑏), 

Note”that if 𝑀 is an“Orlicz function”, then  

𝑀 𝜆𝑎 ≤ 𝜆𝑀 𝑎 ,     ∀ 𝜆 -with 0 < 𝜆 < 1. 

Let  𝑋,  .    be a normed-space. A sequence  𝑎𝑛    in 𝑋 is called as statistically-convergent to 

𝑎 ∈ 𝑋, if the set 𝐾 𝜖 =  𝑛 ∈ 𝑁 ∶  𝑎𝑛 −  𝑎 ≥ 𝜖    has natural-density equal to zero for every 

𝜖 > 0.  

Definition 1.3. Ideal: A family 𝐵 ⊂ 2𝑌  is called an idea if 

(i) 𝜙 ∉ 𝐵  

(ii) 𝑅, 𝑆 ∈ 𝐵   ⇒   𝑅 ∪ 𝑆 ∈ 𝐵 

(iii) 𝑅 ∈ 𝐵, 𝑆 ⊂ 𝑅   ⇒  𝑆 ∈ 𝐵. 



THINK INDIA JOURNAL                                                ISSN: 0971-1260 

                                                                                                                                                              Vol-22-Issue-16-August-2019 

 

 
P a g e  | 4518  Copyright ⓒ 2019Authors 

 
 

An ideal 𝐵 is said to be admissible ideal of 𝑌, if  𝑥 ∈ 𝐵 for each 𝑥 ∈ 𝑌, [9, 10]. Given 𝐵 ⊂ 2𝑌  

is a nontrivial ideal in 𝑁. The sequence  𝑎𝑛  ∈ 𝑋 is said to be 𝐵-convergent to 𝑥 ∈ 𝑋 if for each  

𝜖 > 0, the set  𝐾 𝜖 =  𝑛 ∈ 𝑁 ∶  𝑎𝑛 −  𝑎 ≥ 𝜖   belong to B (cf. [1, 3]). 

Recently, a lot of researchers have started studying the concepts of summability in these types of 

nonlinear spaces (cf. [8-10]).  Let X be a real finite dimensional vector space. The 2-norm on X is 

a function     . , .  ∶ 𝑋 × 𝑋 → 𝑅, having the following properties: “ 

(i)  𝑎, 𝑏 = 0  if and only if a and b are linearly dependent, 

(ii)  𝑎, 𝑏 =   𝑏, 𝑎  , 

(iii)  𝛾 𝑎, 𝑏 =   𝛾    𝑎, 𝑏 , 𝛾 ∈ 𝑅, 

(iv)  𝑎, 𝑏 + 𝑐 ≤   𝑎, 𝑏 +   𝑎, 𝑐 .” 

The pair  𝑋,  . , .    is a 2-Banach-space if every Cauchy-sequence in X is convergent X..” 

In this paper, we discuss some 𝐶2-sequence spaces by using ideal-convergence and Orlicz 

function in 2-normed-spaces.  

2. 𝑪𝟐-Sequence-Spaces 

Let Δ =  𝛿𝑛   be a sequence of positive numbers such that it is non-decreasing and unbounded 

with the condition 𝛿1 = 0. Let  𝑋,   .    be a 2-normed space, J be an ideal of N, and 𝑀 be an 

Orlicz function. Also assume that 𝑞 =  𝑞𝑘  be a bounded real sequence with 𝑞𝑘 > 0. Throughout 

the paper, 𝜔4 denote-the-linear space of all 𝐶2-sequences-defined over  𝐶2 ,  . , .   . For some 

𝐾 > 0, 𝐿 ∈ 𝐶2 and each  𝑧 ∈ 𝐶2, we defined some 𝐶2-sequence-spaces: 

(i) 𝐴𝐽  𝐶2 ,  . , .  ,𝑀, 𝛿, 𝑞 =  𝑥 ∈ 𝜔4 ∶ ∀ 𝜖 > 0  𝑛 ∈ 𝑁:
1

𝛿𝑛
   𝑀   

𝜉𝑘−𝐿

𝐾
, 𝑧   

𝑞𝑘
 𝑘∈𝐽𝑛
 ≥ 𝜖 ∈ 𝐼, 

(ii) 𝐴0
𝐽  𝐶2 ,  . , .  ,𝑀, 𝛿, 𝑞 =  𝑥 ∈ 𝜔4 ∶ ∀ 𝜖 > 0  𝑛 ∈ 𝑁:

1

𝛿𝑛
   𝑀   

𝜉𝑘

𝐾
, 𝑧   

𝑞𝑘
 𝑘∈𝐽𝑛
 ≥ 𝜖 ∈ 𝐼, 

(iii) 𝐴∞ 𝐶2,  . , .  ,𝑀,𝛿, 𝑞 =  𝑥 ∈ 𝜔4 ∶ ∃𝑇 > 0  𝑠. 𝑡.  sup𝑛∈𝑁
1

𝛿𝑛
   𝑀   

𝜉𝑘

𝐾
, 𝑧   

𝑞𝑘
 𝑘∈𝐽𝑛 < 𝑇 , 

(iv) 𝐴∞
𝐽  𝐶2 ,  . , .  ,𝑀, 𝛿, 𝑞 =  𝑥 ∈ 𝜔4 ∶ ∃𝑇 > 0 𝑠. 𝑡.  𝑛 ∈ 𝑁:

1

𝛿𝑛
   𝑀   

𝜉𝑘

𝐾
, 𝑧   

𝑞𝑘
 𝑘∈𝐽𝑛
 ≥ 𝑇 ∈ 𝐼, 

where 𝐽𝑛 =  𝑛 − 𝛿𝑛 + 1, 𝑛 . we shall use the following inequality in proving the results [11]: 

0 ≤ 𝑞𝑘 ≤ sup 𝑞𝑘 = 𝐻, 𝐷 = max 1, 2𝐻−1  , 

Then,  

 𝑧𝑘 +  𝑤𝑘  
𝑞𝑘 ≤ 𝐷   𝑧𝑘  

𝑞𝑘 +  𝑤𝑘  
𝑞𝑘 , 

∀𝑘, 𝑧𝑘 , 𝑤𝑘 ∈ 𝐶1. Further,  𝑧𝑘  
𝑞𝑘 ≤ max 1,  𝑧0 

𝐻 , for-some 𝑧0 ∈ 𝐶1. 
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Theorem 2.1: The set  𝐴0
𝐽  𝐶2 , . , .  , 𝑀, 𝛿, 𝑞   is a linear space over 𝐶1. 

Proof: Let  𝜉, 𝜂 ∈  𝐴0
𝐽  𝐶2,  . , . , 𝑀, 𝛿, 𝑞  and 𝛼, 𝛽 ∈ 𝐶1, so that 

 𝑛 ∈ 𝑁 ∶
1

𝛿𝑛
  𝑀  

𝜉𝑘
𝐾1

, 𝑧   
𝑞𝑘

≥ 𝜖

𝑘∈𝐽𝑛

 ∈ 𝐽 

for some 𝐾1 > 0, 

 𝑛 ∈ 𝑁 ∶
1

𝛿𝑛
  𝑀  

𝜂𝑘
𝐾2

, 𝑧   
𝑞𝑘

≥ 𝜖

𝑘∈𝐽𝑛

 ∈ 𝐽 

for some 𝐾2 > 0, Then,  

1

𝛿𝑛
   𝑀   

𝛼𝜉𝑘 +  𝛽𝜂𝑘
 𝛼 𝐾1 +  𝛽 𝐾2

, 𝑧   
𝑞𝑘

𝑘∈𝐽𝑛

 

≤ 𝐷.
1

𝛿𝑛
   

|𝛼|

 𝛼 𝐾1 +  𝛽 𝐾2
𝑀  

𝜉𝑘
𝐾1

, 𝑧   
𝑞𝑘

𝑘∈𝐽𝑛

+  𝐷.
1

𝛿𝑛
   

 𝛽 

 𝛼 𝐾1 +  𝛽 𝐾2
𝑀  

𝜂𝑘
𝐾2

, 𝑧   

𝑞𝑘

𝑘∈𝐽𝑛

 

≤ 𝐷𝐹.
1

𝛿𝑛
   𝑀   

𝜉𝑘
𝐾1

, 𝑧   
𝑞𝑘

𝑘∈𝐽𝑛

+  𝐷𝐹.
1

𝛿𝑛
   𝑀   

𝜂𝑘
𝐾2

, 𝑧   
𝑞𝑘

𝑘∈𝐽𝑛

, 

where  

𝐹 = max  1,  
 𝛼 

 𝛼 𝐾1 +  𝛽 𝐾2
 

𝐻

,  
 𝛽 

 𝛼 𝐾1 +  𝛽 𝐾2
 

𝐻

  .  

Hence,  

 𝑛 ∈ 𝑁:
1

𝛿𝑛
   𝑀   

𝛼𝜉𝑘 +  𝛽𝜂𝑘
 𝛼 𝐾1 + 𝛽𝐾2

, 𝑧   
𝑞𝑘

≥ 𝜖

𝑘∈𝐽𝑛

   

⊆  𝑛 ∈ 𝑁: 𝐷𝐹
1

𝛿𝑛
   𝑀   

𝜉𝑘
𝐾1

, 𝑧   
𝑞𝑘

≥ 𝜖

𝑘∈𝐽𝑛

 ∪  𝑛 ∈ 𝑁:𝐷𝐹
1

𝛿𝑛
   𝑀   

𝜂𝑘
𝐾2

, 𝑧   
𝑞𝑘

≥ 𝜖

𝑘∈𝐽𝑛

  . 

Corollary 2.1: 𝐴𝐽  𝐶2, . , .  , 𝑀, 𝛿, 𝑞 , 𝐴∞ 𝐶2,  . , . , 𝑀, 𝛿, 𝑞  and 𝐴∞
𝐽  𝐶2,  . , . , 𝑀, 𝛿, 𝑞  are linear 

spaces. 

Theorem 2.2: The space 𝐴∞ 𝐶2, . , .  , 𝑀, 𝛿, 𝑞  is a paranormed-space with respect to paranorm- 

function defined as  
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𝑔𝑛 𝑥 = inf  𝐾
𝑞𝑛
𝐻 ∶ 𝐾 > 0 𝑠. 𝑡.   sup

1

𝛿𝑛
   𝑀   

𝜉𝑘
𝐾

, 𝑧   
𝑞𝑘

𝑘∈𝐽𝑛

 

1/𝐻 

≤ 1,∀ 𝑧 ∈ 𝑋  . 

Proof: Clearly, 𝑔𝑛 𝜃 = 0 and 𝑔𝑛 −𝑥 = 𝑔 𝑥 .  

Now, let 𝜉 =  𝜉𝑘   and 𝜂 =   𝜂𝑘   in 𝐴∞ 𝐶2,  . , . , 𝑀, 𝛿, 𝑞 . Define  

𝐸 𝜉 =  𝐾 > 0 ∶ sup
1

𝛿𝑛
   𝑀   

𝜉𝑘
𝐾

, 𝑧   
𝑞𝑘

≤ 1,∀ 𝑧 ∈ 𝑋

𝑘∈𝐽𝑛

 , 

𝐸 𝜂 =  𝐾 > 0 ∶ sup
1

𝛿𝑛
   𝑀   

𝜂𝑘
𝐾

, 𝑧   
𝑞𝑘
≤ 1,∀ 𝑧 ∈ 𝑋

𝑘∈𝐽𝑛

 . 

Let 𝐾1 ∈ 𝐸 𝜉  and 𝐾2 ∈ 𝐸 𝜂 , then if 𝐾 = 𝐾1 +  𝐾2, we have 

sup
1

𝛿𝑛
  𝑀  

𝜉𝑘 +  𝜂𝑘
𝐾

, 𝑧  

𝑘∈𝐽𝑛

≤
𝐾1

𝐾1 +  𝐾2
sup

1

𝛿𝑛
  𝑀  

𝜉𝑘
𝐾1

, 𝑧  + 

𝑘∈𝐽𝑛

𝐾1

𝐾1 +  𝐾2
sup

1

𝛿𝑛
  𝑀  

𝜂𝑘
𝐾1

, 𝑧   

𝑘∈𝐽𝑛

. 

Thus,  

sup
𝑛

1

𝛿𝑛
  𝑀  

𝜉𝑘 +  𝜂𝑘
𝐾1 +  𝐾2

, 𝑧  
𝑞𝑘

≤ 1

𝑘∈ 𝐽𝑛

 

and  

𝑔𝑛 𝜉𝑘 +  𝜂𝑘 ≤ inf   𝐾1 +  𝐾2 
𝑞𝑛
𝐻 ∶ 𝐾1 ∈ 𝐸 𝜉 , 𝐾2 ∈ 𝐸 𝜂   

                      ≤ inf  𝐾1

𝑞𝑛
𝐻 ∶ 𝐾1 ∈ 𝐸 𝜉  +  inf  𝐾2

𝑞𝑛
𝐻 ∶ 𝐾2 ∈ 𝐸 𝜂   

                      = 𝑔𝑛 𝜉 +  𝑔𝑛 𝜂 . 

The continuity of scalar multiplication is straightforward. Hence proved.  

Corollary 2.2: For some 𝐹 ∈ 𝐽, we have 

𝐴∞ 𝐶2 ,  . , .  ,𝑀, 𝛿, 𝑝 =  𝜉 =  𝜉𝑘 ∈ 𝜔4 ∶ ∃𝐾 > 0; supn∈G    𝑀   
𝜉𝑘

𝐸
, 𝑧   

𝑞𝑘
≤ 𝐾,𝑘∈𝐽𝑛 𝐸 > 0 ,   

where 𝐺 = 𝑁/𝐹, for each 𝑧 ∈ 𝐶2. It is a subspace of 𝐴∞
𝐽  𝐶2,  . , . , 𝑀, 𝛿, 𝑞 . 

Definition 2.1: A sequence-space is known as solid-space if  𝛼𝑘𝜉𝑘 ∈ 𝑠, whenever  𝜉𝑘  ∈ 𝑠 for any-

sequence  𝛼𝑘  of scalars with  𝛼𝑘  ≤ 1, for all 𝑘 ∈ 𝑁. 
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Theorem 2.3: The spaces 𝐴0
𝐽  𝐶2 ,  . , .  ,𝑀, 𝛿, 𝑞   and 𝐴∞

𝐽  𝐶2,  . , . , 𝑀, 𝛿, 𝑞  are solid spaces. 

Proof: We shall prove the result for 𝐴0
𝐽  𝐶2 ,  . , .  ,𝑀, 𝛿, 𝑞  only. 

Suppose that  𝜉𝑘 ∈ 𝐴0
𝐽  𝐶2 ,  . , .  ,𝑀, 𝛿, 𝑞   and  𝛼𝑘  be a sequence of scalars such that  𝛼𝑘  ≤ 1, ∀ 𝑘 ∈

𝑁. Then we have  

 𝑛 ∈ 𝑁 ∶
1

𝛿𝑛
   𝑀   

𝛼𝑘𝜉𝑘
𝐾

, 𝑧   
𝑞𝑘

≥ 𝜖

𝑘 ∈ 𝐽𝑛

 ⊆  𝑛 ∈ 𝑁 ∶
𝐷

𝛿𝑛
   𝑀   

𝜉𝑘
𝐾

, 𝑧   
𝑞𝑘

≥ 𝜖

𝑘 ∈ 𝐽𝑛

 ∈ 𝐽, 

where 𝐷 = max 1,  𝛼𝑘 
𝐻 . 

Hence,  𝛼𝑘𝜉𝑘 ∈ 𝐴0
𝐽  𝐶2,  . , . , 𝑀, 𝛿, 𝑞 . 

Theorem 2.4: Assume 𝑀1, 𝑀2 be two-Orlicz functions. Then, we have  

(i) 𝐴0
𝐽  𝐶2 ,  . , .  ,𝑀1, 𝛿, 𝑞 ⊆ 𝐴0

𝐽  𝐶2,  . , .  ,𝑀1𝜊𝑀2, 𝛿, 𝑞  provided  𝑞
𝑘
  is such 𝐻0 = inf 𝑞𝑘 > 0. 

(ii) 𝐴0
𝐽  𝐶2 ,  . , .  ,𝑀, 𝛿, 𝑞 ∩ 𝐴0

𝐽  𝐶2 ,  . , .  ,𝑀2, 𝛿, 𝑞 ⊆ 𝐴0
𝐽  𝐶2,  . , .  ,𝑀1 + 𝑀2 , 𝛿, 𝑞 . 

Proof: (i) For given 𝜖 > 0, choose 𝜖1 > 0 such that--max 𝜖1
𝐻 , 𝜖1

𝐻0 < 𝜖. By using the continuity 

of 𝑀1 let 0 < 𝜆 < 1 with  0 < 𝑡 < 𝜆  such that 𝑀 𝑡 <  𝜖0. 

Let  𝜉𝑘 ∈ 𝐴0
𝐽  𝐶2, . , .  , 𝑀1, 𝛿, 𝑞 .- 

Then, 

𝐸 𝜆 =  𝑛 ∈ 𝑁 ∶
1

𝛿𝑛
   𝑀1   

𝜉𝑘
𝐾

, 𝑧   
𝑞𝑘

≥ 𝜆𝐻

𝑘 ∈ 𝐽𝑛

 ∈ 𝐽. 

Thus, if 𝑛 ∉ 𝐸 𝜆 , then 

1

𝛿𝑛
   𝑀2   

𝜉𝑘
𝐾

, 𝑧   
𝑞𝑘

< 𝜆𝐻

𝑘 ∈ 𝐽𝑛

 

i.e.,  

 𝑀2   
𝜉𝑘
𝐾

, 𝑧   
𝑞𝑘

< 𝜆𝐻 , ∀ 𝑘 ∈ 𝐽𝑛  

Thus, 

𝑀2   
𝜉𝑘
𝐾

, 𝑧  < 𝜆 

Hence, by the continuity of Orlicz function M, we have 

𝑀1  𝑀2   
𝜉𝑘
𝐾

, 𝑧   <  𝜖0 ,     ∀ 𝑘 ∈ 𝐽𝑛   

which implies that 
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  𝑀1𝜊𝑀2   
𝜉𝑘
𝐾

, 𝑧   
𝑞𝑘

<  𝜖 𝛿𝑛
𝑘 ∈ 𝐽𝑛

 

⇒    
1

𝛿𝑛
  𝑀1  𝑀2   

𝜉𝑘
𝐾

, 𝑧    

𝑞𝑘

<   𝛿𝑛
𝑘 ∈ 𝐽𝑛

. 

Therefore,  

 𝑛 ∈ 𝑁 ∶  
1

𝛿𝑛
  𝑀1  𝑀2   

𝜉𝑘
𝐾

, 𝑧    

𝑞𝑘

≥ 𝜖

𝑘 ∈ 𝐽𝑛

 ⊂ 𝐸 𝜆  

Hence, 

 𝑛 ∈ 𝑁 ∶  
1

𝛿𝑛
  𝑀1  𝑀2   

𝜉𝑘
𝐾

, 𝑧    

𝑞𝑘

≥ 𝜖

𝑘 ∈ 𝐽𝑛

 ∈ 𝐽. 

(iii) Suppose that  𝜉𝑘 ∈ 𝐴0
𝐽  𝐶2,  . , . , 𝑀1, 𝛿, 𝑞 ∩ 𝐴0

𝐽  𝐶2, . , .  , 𝑀2, 𝛿, 𝑞 , then,  

1

𝛿𝑛
  𝑀1 +  𝑀2   

𝜉𝑘
𝐾

, 𝑧    
𝑞𝑘

≤ 𝐷 
1

𝛿𝑛
 𝑀1   

𝜉𝑘
𝐾

, 𝑧    
𝑞𝑘

+  𝐷
1

𝛿𝑛
 𝑀2   

𝜉𝑘
𝐾

, 𝑧    
𝑞𝑘

 . 

Clearly,  

 𝜉𝑘 ∈ 𝐴0
𝐽  𝐶2, . , .  , 𝑀1 +  𝑀2, 𝛿, 𝑝 . 
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