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Abstract: In this paper we have proven some new identities involving Chebyshev polynomials and
Lucas numbers.

1 INTRODUCTION

Chebyshev polynomials are applied in several parts of numerical analysis and more precisely,
we can say that, in the applications of mathematics. It’s very difficult to ignore Chebyshev
polynomials as they are seen almost in every branch of mathematics.We know very less
about the relation between the Chebyshev polynomials and some well-known sequences. In
this paper we have discussed some of them.

1.1 Chebyshev polynomials

The Chebyshev polynomial of the first kind is defined bythe recurrence relation

T:'z+2(z] = 22Tﬁ+1(2] - Tn(zj (1'1]
For integer n > 0, with initial condition

To(z) = 1,Ti(2) = 2,

T,(z) can be explicitly define as
T2 =5 (- V1) +(z 4V -1)") (12)

and

The Chebyshev polynomial of thesecond kind is defined by the recurrence relation

Uns2(2) = 22Uy 4,(2) — Up(2) (1.3)
For integern = 0

with initial condition

Ug(z) =1.U,(z) = 2z,

U, (z) can be explicitly define as

U (2) (z-l—wzz—l)nﬂ—(z—wz:—1ln+l 14)
z = »
" 2z —1
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1.2 Lucas Sequence
Lucas sequence {L,}, ey is defined by

L'H.'l'l = L:l: + Lﬂ—l (1.5)
For integer n > 1 with initial condition
Lu =2 I'Ll =1

Binet’s formula in Lucas number theory allows us to express theLucas number in
function of roots

__1+45
= >

1—+'3
2

T =
of the characteristic equation
t=r+1
associated to recurrence relation (1.5) is
L, =v+r) (1.6)

Theorem 1: let k be any positive integer,n be non-negative even integer,L,, is the nt" Lucas
numberand U, (2)is define by (1.3), UX (z)denote k" derivatives of U, (z) with respect to z.
then

Lign,)L1s(b,) - L1s(by, )
by+by+-tby,, =ntk+1
2= k+1
L
= ET:E:(—zsagjﬁ( . )Lﬁ12k+l_h(2589] (1.7)
"h=0

Proof:IfT, (z) isdefined by (1.1) then by [2]

TEbI:(Z}T(h::[Z:' e Tim (z)
bo+by+ b, Sntk+l

K+1
1 E+1\
= Ekk!Z(—z]” ( h )Ur(z+:I2k+1—h(z] (1.8)
h=0 _

Taking z = 2889,using equations(1.2), (1.5) and (1.6) we obtain

1
T,(2889) = 5 Ligy (1.9)

By using equations (1.8) , (1.9) and solving we obtain
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LlB(bL:ILJ.B(bEII LIBEka?

b, +b +-tap,, =n+k+l
k+1

2 k+1
= EZ{—ZSBQ]“( . )U,E’f:kﬂ_h(zasq]
h=0

Theorem 2: let n be non-negative integer,L,, is the nt* Lucas numbers andT, (z)is define
by(1.1)then

(1)
c eV
(T:n—l (5‘% 5) — Tapn— ( 2 5) ) = (L5(2n—1:|)z +4 (1.10)
2 2
(i)
5v5 —54/5
T, ("T) + TM( > ) = Lyogm) (1.11)

Proof:Equations (1.10) and(1.11) can be proved by takingz = + 52£ , using equations (1.2),

(1.6) and solving L.H.S of equations (1.10) and (1.11) to obtain R.H.S.
Theorem 3: let n be non-negative integer,L, is the nt* Lucas numbers and T, (z) is the
Chebyshev polynomial of first kind then

T.(17V5) + T.(—17V5) = ((—1)2&['

9(n) (1.12)
Proof:Equations (1.12) can be proved by taking z = +17+/5 , using equations (1.2), (1.6)
and solving L.H.S of equations (1.12) to obtain R.H.S.
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